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1 Introduction

A significant fraction of stock trades in markets nowadays emerge from the activities in the
stock short-selling and lending market.1 The key imperfection in this market is that to borrow
a stock, a short-seller must pay a shorting fee to the stock lender. Corresponding to the growth
in the stock short-selling and lending market, a vast empirical literature (elaborated below)
has developed investigating the effects of costly short-selling on the shorting fee, stock price,
stock risk premium and volatility, short interest and its predictive power, short-selling risk
(uncertainty about future shorting fees) and short-selling activity (volume). The existing the-
oretical studies (discussed below), however, are not suitable to address many of the empirical
regularities documented in this literature. This is because, static models cannot meaningfully
shed light on the findings of stock volatility, the predictive power of short interest, and the
short-selling risk which all require a dynamic model at the minimum. On the other hand,
the shorting fee and the short interest are typically specified exogenously or are deterministic
in the extant dynamic models, which limit their ability to explain some of these empirical
regularities.

In this paper, we fill this void and provide a comprehensive analysis of the costly stock
short-selling and lending market within a familiar dynamic asset pricing framework. Our mo-
del generates rich implications that support the extensive empirical evidence on the behavior
of the shorting fee, stock price, its risk premium and volatility, short interest and its predictive
power, and short-selling risk and activity. We also endogenize the optimal size of stock lenders
by introducing a cost of setting up a lending facility in our economy. We provide new insights
and predictions, and offer simple, straightforward intuitions for all our findings.

Specifically, we develop a tractable dynamic equilibrium model by incorporating costly
stock short-selling and lending following the usual market practices into an otherwise fairly
standard economy. Our model builds on the fact that even though most stocks can be shorted
cheaply in today’s markets, for many other stocks short-selling costs can be fairly significant
(D’Avolio (2002), Drechsler and Drechsler (2016)). To capture these distinct differences in
short-selling costs in the cross-section, we consider a simple two-stock economy in which one

1For instance, Diether, Lee, and Werner (2009) find that roughly 30% of the trading volume in NYSE and
NASDAQ is due to short-selling, while Hanson and Sunderam (2014) report that the average short interest
ratios for NYSE and AMEX stocks have more than quadrupled from 1988 to 2011. On the other hand, Saffi
and Sigurdsson (2010) find that the amount of global stock lending supply in December 2008 was $15 trillion
(about 20% of the total market capitalization) and $3 trillion of this amount was lent out to short-sellers.
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stock represents a typical costly-to-short stock, while the other represents a typical cheap-
to-short stock, whose shorting fee, for clarity, is constructed to be zero in equilibrium. In
this economy, investors’ belief disagreement on the stock payoffs generates demand for short-
selling and supply of lendable shares. The (pessimistic) short-sellers borrow stock shares from
the (optimistic) lenders by paying a shorting fee, which along with the stock price and short
interest, are determined endogenously in equilibrium. In the ensuing equilibrium, the costly-
to-short stock shorting fee and short interest arise as time-varying processes with stationary
steady-state distributions, enabling our model to shed light on some of the regularities that the
extant works cannot. We first demonstrate that investors’ subjective stock risk premia differ
since in addition to the usual capital gains/losses and dividends for non-lending investors,
holding the stock long yields additional income for lenders, whereas having a short position
in the stock generates additional costs for short-sellers.

We then determine the equilibrium and find that the costly-to-short stock shorting fee is
risky since it is driven by a time-varying, mean-reverting disagreement process so that a higher
belief disagreement leads to a higher shorting fee, consistent with the empirical findings of
D’Avolio (2002). This result occurs because not all optimistic investors are lenders and those
who are lenders can only lend a part of their stock holdings, partial lending. Hence, a higher
disagreement leads to a lesser increase in lending supply than the increase in shorting demand,
and so for the stock lending market to clear the equilibrium shorting fee increases.

We next show that the costly-to-short stock price is positively while its risk premium
negatively related to its shorting fee, a result well-supported by empirical evidence (e.g.,
Jones and Lamont (2002), Ofek, Richardson, and Whitelaw (2004), Cohen, Diether, and
Malloy (2007), Blocher, Reed, and Van Wesep (2013), Prado (2015), Drechsler and Drechsler
(2016), Duong, Huszár, Tan, and Zhang (2017)). This result can also be viewed as confirming
in a dynamic setting the classic Miller (1977) argument that with higher short-selling costs,
the stock price is inflated since it reflects the views of the optimistic investors more relative
to those of the pessimistic investors. In our model this behavior occurs because the stock is
ultimately held by optimistic investors and among them there are lenders, who increase their
stock demand and reflect their view more, due to the additional stock lending income as the
shorting fee increases, which in turn leads to a higher current stock price and lower subsequent
returns.
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We further find that the costly-to-short stock volatility is greater in our economy than
that in an economy with costless short-selling, even though the stock has the same time-
varying disagreement in both economies. This result is supported by the empirical evidence
in Drechsler and Drechsler (2016), who find that expensive-to-short stocks have higher stock
return volatility as compared to almost-costless-to-short stocks. Saffi and Sigurdsson (2010)
also find that stocks with high shorting fees are associated with high volatility. In our model,
this result arises because costly-to-short stock price is additionally driven by the shorting fee
and the fluctuations in the shorting fee due to disagreement shocks leads to more volatile
stock price changes. This is again consistent with the classic Miller (1977) argument that in
the absence of short-selling costs (and wealth transfer effects) the belief disagreement itself
does not affect stock prices, leading to relatively lower stock price volatilities.

We also investigate how the key economic quantities are affected by the lenders’ size in our
economy, a quantity we later endogenize. We find that the costly-to-short stock equilibrium
shorting fee and price decrease while its risk premium increases in the lenders’ size. These
relations arise because as more investors become lenders, the costly-to-short stock lending
supply increases, leading to a lower shorting fee in the stock lending market, which in turn
leads to a lower stock price and higher subsequent returns on average. The empirical support
for these effects are provided by Prado, Saffi, and Sturgess (2016), who show that the stock
ownership composition matters for the stock lending market and stock prices. In particular,
they find that stocks with more concentrated institutional ownership, i.e., stocks that are
held by fewer institutions but with larger stock holdings, corresponding to lower lenders’ size
in our model, have lower lending supply, higher shorting fees, and lower future returns on
average. Likewise, Nagel (2005) finds that shorting fee is negatively associated while future
stock returns are positively associated with institutional ownership, a plausible proxy for the
lenders’ size in our model.

We next turn to the stock short interest, a widely used measure to infer the amount of short-
selling for a stock. We first determine the costly-to-short stock short interest and show that it
increases in its shorting fee, consistent with the empirical evidence (D’Avolio (2002), Beneish,
Lee, and Nichols (2015), Drechsler and Drechsler (2016)). This result arises because, a higher
current shorting fee corresponds to a higher current disagreement and a higher stock price,
and hence the short-sellers are relatively more pessimistic now and increase their shorting
demand, leading to the positive relation between the short interest and the shorting fee of the
stock.
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We then obtain our key implication that the costly-to-short stock current short interest
predicts its future returns negatively. This predictability arises in our model because, as
discussed above, a higher short interest corresponds to a higher current shorting fee, which
is now expected to be lower in the future due to mean-reversion, leading to lower future
stock prices on average as compared to the relatively high current stock prices. This finding is
strongly supported by the vast evidence both at the individual stock level and at the aggregate
market level (Seneca (1967), Figlewski (1981), Senchack and Starks (1993), Desai, Ramesh,
Thiagarajan, and Balachandran (2002), Asquith, Pathak, and Ritter (2005), Boehmer, Huszar,
and Jordan (2010), Beneish, Lee, and Nichols (2015), Rapach, Ringgenberg, and Zhou (2016)).
Among them Beneish, Lee, and Nichols (2015) show that this predictability effect is stronger
for costly-to-short stocks, which lends further support to our underlying mechanism, since we
also find that the predictive ability of short interest is solely due to the presence of shorting
fees (i.e., a costless-to-short stock short interest can still be time-varying but does not predict
future returns). Therefore, our model reveals that the current short interest is an “informative”
signal for future returns for costly-to-short stocks but not for stocks that are costless-to-short.2

We next shed light on the recent empirical findings of Engelberg, Reed, and Ringgenberg
(2018), who show that in the cross-section, stocks with higher short-selling risk (higher un-
certainty about their future shorting fees) have lower returns and less short-selling activity
(volume), suggesting that the short-selling risk is a significant source of limits to arbitrage.
In our model, due to the time-variation in disagreement, short-sellers’ demand and lenders’
supply of the costly-to-short stock shares also fluctuate, which in turn lead to a time-variation,
and hence uncertainty, in the shorting fee, resulting with short-selling risk. We find that short-
selling risk matters in equilibrium, and show that a higher short-selling risk can be associated
with lower stock returns and less short-selling activity as in Engelberg, Reed, and Ringgenberg
due to the differences in stock partial lending.

The negative relation between the short-selling risk and risk premium arises because the
shorting fee of a stock with a low degree of partial lending is more sensitive to the disagreement
shocks. This is because such a stock has a lower lending supply, which can only absorb the
short-selling demand by increasing the shorting fee, leading to a higher shorting fee variance,

2Moreover, we also find that, in addition to the short interest (a stock variable), a positive change in short
interest (a flow variable) also predicts lower future returns, consistently with the findings in Boehmer, Jones,
and Zhang (2008) and Diether, Lee, and Werner (2009), as well as the current short selling being positively
related to past stock performance, as shown in Diether, Lee, and Werner.
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as well as a higher stock price and a lower risk premium. Similarly, the negative relation
between the short-selling risk and short-selling activity occurs because a lower partial lending
also leads to a lower short-selling activity (volume) since short-sellers now short less for any
given disagreement level. In sum, our theory suggests that for two similar costly-to-short
stocks, the one lent to short-sellers in greater proportion by lenders will have less short-selling
risk, higher future returns, and more short-selling activity.

Given that lenders earn additional income in our economy, a natural question arises whet-
her all optimistic investors can be lenders. Towards that, we endogenously determine the
optimal size of lenders by introducing a cost of setting up a lending facility. We show that
even when the entry is costless not all optimistic investors become lenders and the lenders’
optimal size decreases in the cost of entry, and in fact when the cost is too high no investor
would become a lender. We also find that the optimal size is non-monotonic, first zero, then
increasing, and then decreasing, in partial lending. That is, very low levels of stock partial
lending corresponds to no lenders, and as the partial lending, and hence the expected future
income from lending increases, so does the optimal size of lenders. However, for sufficiently
high levels of partial lending, the optimal lenders’ size starts decreasing in partial lending,
since an increase in partial lending now leads to too low of a shorting fee and a lower future
lending income. Finally, we show that the costly-to-short stock shorting fee and the price
are both increasing in the cost of entry since a higher cost of entry leads to a lower lenders’
optimal size.

Taken together, our paper makes several contributions. First, our stock price and risk
premium results demonstrate that the classic Miller (1977) intuition also arises in our fairly
standard dynamic setup. Second, to our best knowledge, ours is the first theory work to
reconcile the extensive empirical evidence on the predictive power of short interest, as well
as our results on the short-selling risk, stock volatility and the effects of lenders’ size. Third,
we endogenize the lenders’ optimal size and identify its economic determinants. Finally, our
methodological contribution and the tractability of our model is due in large part to our
ability to identify the short-sellers’ and lenders’ subjective risk premia in the evolution of
their financial wealth (Lemma 1 of Section 2.4). This in turn allows us to employ familiar
stochastic dynamic programming techniques in the determination of equilibrium, in which
investors face different market imperfections.
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Our paper is related to the large theoretical literature studying the effects of short-sale
constraints and restrictions in the stock market. The works in this literature typically exa-
mine the effects of investors not being able hold short (i.e., negative) stock positions, which in
static settings include Miller (1977), Diamond and Verrecchia (1987), Hong and Stein (2003),
Nezafat, Schroder, and Wang (2017), and in dynamic settings include Harrison and Kreps
(1978), Detemple and Murthy (1997), Scheinkman and Xiong (2003), Gallmeyer and Holli-
field (2008), Chabakauri (2015). More closely related papers in this literature are those in
which investors can hold short positions by paying a stock shorting fee, as in our model.
However, these works are typically fairly stylized and primarily focus on the effects of the
shorting fee on the stock price and risk premium only.3 In this strand, under static settings
Blocher, Reed, and Van Wesep (2013), Banerjee and Graveline (2014), and under dynamic
settings in which the stock is a claim to a single payoff Duffie, Gârleanu, and Pedersen (2002)
(search and bargaining-based model with risk-neutral investors) and Daniel, Klos, and Rottke
(2018) (a series of one-period optimization and exogenous short interest) find that a higher
stock shorting fee leads to a higher stock price and lower future expected returns, as in our
paper. Our paper, however, differs from these works in terms of its methodology and results.
Differently from the dynamic works above, our setting is fairly standard with risk averse in-
vestors, the stock being a claim to a dividend flow rather than a single payoff, featuring no
search and bargaining considerations, and is cast in a fully dynamic economy in which the
short interest is determined endogenously. Moreover, due to the stock price and the shorting
fee being deterministic in Duffie, Gârleanu, and Pedersen (2002), and the short interest being
exogenous in Daniel, Klos, and Rottke (2018), in these works, it is not possible to address
issues related to the stock volatility, predictive power of the short interest, and short-selling
risk, as we do. Similarly, the other more recent dynamic models of Evgeniou, Hugonnier, and
Prieto (2019) in which the shorting fee is assumed to be proportional to stock volatility, and
Nutz and Scheinkman (2020) in which the shorting fee is specified exogenously, do not have
our key results on the predictive power of the short interest, short-selling risk and activity, as
well as our analysis on the lenders’ optimal size.

Finally, this paper is also related to the vast literature on heterogeneous beliefs in financial
markets (Detemple and Murthy (1994), Zapatero (1998), Basak (2000, 2005), Johnson (2004),
David (2008), Yan (2008), Dumas, Kurshev, and Uppal (2009), Cvitanić and Malamud (2011),

3Relatedly, in a partial equilibrium setting, Atmaz and Basak (2019) provide an analysis of how option
prices are affected by the shorting fee of the underlying stock.
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Banerjee (2011), Bhamra and Uppal (2014), Ehling, Graniero, and Heyerdahl-Larsen (2017),
Atmaz and Basak (2018), Andrei, Carlin, and Hasler (2019)). However, none of these works
consider the costly stock short-selling and lending market as we do, hence do not have our
main mechanisms and results.

The remainder of the paper is organized as follows. Section 2 presents our model with costly
short-selling. Section 3 provides our results on the shorting fee, stock price, risk premium and
volatility, Section 4 on the short interest and short-selling risk, and Section 5 on the optimal
size of lenders. Section 6 concludes. Appendix A contains all the proofs, and Appendix B
discusses the parameter values employed in our figures.

2 Economy with Costly Short-Selling

In this Section, we develop a tractable model of costly stock short-selling and lending market
within a familiar dynamic asset pricing framework. Investors’ belief disagreement leads to the
presence of stock lenders and short-sellers in the economy. Our model builds on the fact that
even though most stocks can be shorted cheaply in today’s markets, for many other stocks
short-selling costs can be fairly significant (D’Avolio (2002), Drechsler and Drechsler (2016)).
For instance, Drechsler and Drechsler (2016) find the average shorting fee for a typical stock
in the cheapest-to-short and expensive-to-short deciles to be 2 basis points (bps) per annum
and 696 bps, respectively. They also find that the average shorting fee for half of the stocks in
their sample is no more than 13 bps. To capture these stark differences in short-selling costs in
the cross-section, we consider a simple two-stock economy in which the first stock represents a
typical costly-to-short stock, while the second stock represents a typical cheap-to-short stock,
whose shorting fee, for clarity, is constructed to be zero in equilibrium (Section 3).

2.1 Securities Market

We consider an economy with an infinite horizon evolving in continuous time. There are
three securities available for trading, two risky stocks and a riskless asset. The risky stock n,
n = 1, 2, is in fixed supply of Qn units and is a claim to the dividend flow Dn with dynamics

dDnt = µDndt+ σDndωnt, (1)
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where the constants µDn and σDn are the mean and volatility of the dividend (changes),
respectively, and ωn is a standard Brownian motion under the objective probability measure, P,
with dω1tdω2t = 0. The individual stock prices Sn, n = 1, 2, are to be determined endogenously
in equilibrium. The riskless asset is in perfectly elastic supply and pays a constant interest
rate r.4 In what follows, we refer to stock 1 as the costly-to-short stock, and stock 2 as the
zero-fee stock, representing a costless-to-short stock that approximates a cheap-to-short stock
in reality.

2.2 Investors’ Beliefs

The economy is populated by optimistic and pessimistic investors. All investors commonly
observe the dividend processes Dn, n = 1, 2, and agree on their volatilities but have different
beliefs about their means. The optimistic investors, with a population mass of 0.5, perceive
the mean of the dividend Dn to be µDn+θnt, while the pessimistic investors, with a population
mass of 0.5, perceive it to be µDn − θnt. The quantity θnt captures the disagreement among
investors on stock n since it is the (population) weighted-difference between the optimistic and
pessimistic investors’ expectations on stock n dividend, 0.5 (µDn + θnt)−0.5 (µDn − θnt) = θnt.
Moreover, due to the identical masses and the symmetry in beliefs, the weighted-average
expectation is unbiased, 0.5 (µDn + θnt) + 0.5 (µDn − θnt) = µDn .5

The disagreement on stock n is assumed to follow

dθnt = κn
(
θ̄n − θnt

)
dt+ υndωθnt, (2)

4The exogenously specified interest rate is suitable for our purposes for several reasons. First, most studies
on short-selling costs are cross-sectional in nature (e.g., studying return differences for cheap-to-short vs.
expensive-to-short stocks) for which the common interest rate does not play a role. Second, economically it
is hard to imagine short selling costs of individual stocks to have any material effect on aggregate quantities,
particularly on the market interest rate, which is determined in a relatively very large market where foreign
institutions also play a significant role. In fact, to our best knowledge there is no empirical evidence on interest
rates being affected by the short-selling fees of individual stocks. So, by taking the interest rate as exogenous,
we avoid any potential spurious effects that may arise due to modeling choices.

5Neither the equal mass nor the belief symmetry is necessary for our main mechanism and results to hold,
and they can be generalized in a straightforward manner. We consider this specification because it provides a
clear benchmark economy in which without short-selling costs, the belief disagreement alone does not affect the
ensuing equilibrium stock prices and yields the single-investor rational beliefs economy prices (as highlighted
in Section 3). We note that in this economy, our disagreement measure θnt is also the standard deviation of
investors’ expectations on the stock dividend, a commonly employed measure of belief disagreement.
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where the constants κn, θ̄n, and υn are the speed of mean reversion, long-run mean, and
volatility of the disagreement θn, respectively, and ωθn is a standard Brownian motion, inde-
pendent of all other Brownian motions, under the objective probability measure, P. Without
loss of generality, we set the initial value of disagreement to its long-run mean, θn0 = θ̄n, for
convenience. In our analysis, while the disagreement on (costly-to-short) stock 1 is a time-
varying Ornstein-Uhlenbeck process as (2) illustrates, by setting κ2 = υ2 = 0, we obtain a
constant disagreement for (cheap-to-short) stock 2 (i.e., θ2t = θ̄2), which enables us construct
its shorting fee to be zero in equilibrium (Proposition 1). With this specification, the stock
price Sn, n = 1, 2, has the posited dynamics

dSnt +Dntdt = µntdt+ σSntdωnt + σθntdωθnt, (3)

where µn is the mean of the stock price (changes), and the diffusion terms σSn and σθn
determine the volatility of the stock price (changes), denoted by σn, through σ2

nt = σ2
Snt+σ2

θnt.

Remark 1 (Further discussion of disagreement processes). In Appendix A, we discuss
the microfoundations of the type of mean-reverting, Gaussian disagreement process in (2) by
considering a Bayesian learning environment, in which investors are symmetrically informed
but have different interpretations of signals as often considered in the dynamic differences
in beliefs models with stationary disagreement (e.g., Scheinkman and Xiong (2003), Dumas,
Kurshev, and Uppal (2009), Xiong and Yan (2010)). The special case of constant beliefs, as
formulated on stock 2, is typically referred to as “dogmatic beliefs” in the differences of opinion
literature and is also adopted by numerous works (Kogan, Ross, Wang, and Westerfield (2006),
Cvitanić and Malamud (2011), among others).

Moreover, it is well-known that in a framework like ours, i.e., CARA preferences with
Gaussian payoffs, the stock prices can admit negative values with positive probabilities. Due
to being a Gaussian process, now additionally the disagreement θ1t in (2), as well as the
ensuing equilibrium shorting fee that turns out to be driven by the disagreement (Proposition
1), can take on negative values with positive probabilities. However, our model allows us to
control these probabilities and obtain almost always positive shorting fee and disagreement
for suitable choices of parameter values. For example, for the parameters values in Table 1
of Appendix B, the probabilities of the shorting fee and the disagreement being positive at
the steady-state are P (φ1t > 0) = 0.999 and P (θ1t > 0) = 1−Φ (−20.35) ' 1, where Φ is the
cumulative distribution function of standard normal distribution.
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2.3 Stock Short-Selling and Lending Market

In reality, short-sellers sell stocks that they do not own with the anticipation of making a
profit from future stock price declines. To do so, they (effectively) pay a shorting fee to
borrow shares from lenders who are long in the stock, and sell those borrowed shares to other
willing buyers, who are not necessarily lenders of the stock.6 Accordingly, we incorporate costly
short-selling and stock lending market into our economy by capturing the standard market
practices briefly discussed above. Towards that, and also in anticipation of the equilibrium
outcomes of Sections 3–5, we further categorize the optimists and pessimists populations into
two groups with respect to their ability to participate in the stock short-selling and lending
market.

The lenders, `, with a population mass λ, are the optimistic investors who can only success-
fully lend a fraction 0 < αn ≤ 1 of their long position in stock n to short-sellers, where hence-
forth we refer to αn as partial lending in stock n, n = 1, 2. The remaining optimistic investors
are holders, h, with a population mass 0.5−λ, and they do not participate in the stock short-
selling and lending market. As D’Avolio (2002) discusses, we need such investors to help clear
the stock market as “the outstanding securities must come to rest with non-lending investors
willing to hold these securities despite forgoing the loan fees capitalized into the equilibrium
price”.7 While the quantity λ is taken as given in Sections 2–4, it is endogenously determined
in the equilibrium of Section 5.

6The exact mechanics of stock short-selling are somewhat more involved but its essentials are captured
by our description above (see D’Avolio (2002) and Reed (2013) for an extensive discussion of short-selling).
Briefly, to protect lenders, short-sellers leave a collateral typically equals to 102% of the market value of the
borrowed amount in an account, which earns the interest rate. This interest income is shared between the
short-seller and the lender. The short-seller’s account earns the rebate amount, while the lender’s account
earns the shorting fee, which is effectively what short-sellers pay to lenders for each share they short. Moreover,
Kolasinski, Reed, and Ringgenberg (2013) and Chague et al. (2017) provide evidence of dispersion in shorting
fees. In our model there is one type of lender leading to a unique shorting fee, which can be viewed as the
average shorting fee.

7The partial lending feature of `-type investors can also be justified on the grounds that in reality investors
may not be able to lend and earn additional income from all their long stock holdings. This is evident from
the presence of the excess supply of lendable shares for most stocks. For example, Saffi and Sigurdsson (2010)
find that out of $15 trillion of stocks that are available globally for short-sellers to borrow, only $3 trillion
was actually lent out in December 2008. Moreover, the partial lending feature in our model also enables us
to make a distinction between short interest (fraction of outstanding shares held by short-sellers) and lending
supply (fraction of outstanding shares available for lending), as in the data. On the other hand, the presence
of h-type investors in our model guarantees that in equilibrium, the short interest is determined endogenously
rather than exogenously implied by the market clearing conditions.

10

Electronic copy available at: https://ssrn.com/abstract=3516969



The short-sellers, s, with a population mass λs, are the pessimistic investors who can
borrow from lenders by paying for each stock n share the shorting fee φnt, which is to be
determined endogenously in equilibrium. Finally, the remaining pessimistic investors are
non-participants with a population mass 0.5 − λs, and they do not participate in the stock
short-selling and lending market. By being pessimistic and not participating in the short-
selling market, in equilibrium, non-participants do not hold any stock positions, and therefore
their presence is not crucial in the determination of the endogenous stock price or the shorting
fee, and hence for our main mechanism and results. Therefore, without loss of generality, we
set their population mass to 0 (i.e., λs = 0.5), and consider an economy with three types of
investors `, h, and s.8

2.4 Investors’ Preferences and Optimization

Each type of investor i = `, h, s, is endowed at time zero with the same initial wealth W0. The
investor then chooses a consumption process ci, and an admissible portfolio strategy ψin, the
number of shares in stock n, n = 1, 2, to maximize her subjective expected constant absolute
risk aversion (CARA) preferences over her life-time consumption

Ei
[∫ ∞

0
e−ρt

e−γc
i
t

−γ
dt

]
,

where γ > 0 is the absolute risk aversion and ρ > 0 is the time discount factor. Here, Ei

denotes the expectation under each i-type investor’s subjective beliefs Pi, on which is defined
her perceived Brownian motions ωin, given by dωint = dωnt − (θnt/σDn)dt, for i = `, h, and
dωint = dωnt + (θnt/σDn)dt, for i = s, due to their beliefs as described above. The financial
wealth of each i-type investor, W i, evolves over time in a distinct manner, since in addition to
the usual capital gains/losses and dividends, holding stocks long yields an additional income
for lenders, whereas having short positions in stocks implies an additional cost for short-sellers.
Lemma 1 presents the dynamics of each i-type investor’s financial wealth, and identifies each
investor’s (shorting fee incorporated) subjective risk premium.

8We note that our mechanisms and results do not crucially depend on the specific choice of the short-sellers’
mass λs = 0.5 and also go through for any lower value of λs. Alternatively, one could think of investors in our
economy as those already participating in the stock market with half of them being pessimistic short-sellers
and the other half being optimistic, either lenders or holders.
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Lemma 1 (Financial wealth dynamics and investor type-specific risk premia). In
the economy with costly stock short-selling and lending market, the financial wealth of each
i-type investor, i = `, h, s, evolves according to

dW i
t = W i

t rdt+
2∑

n=1
ψintπ

i
ntdt+

2∑
n=1

ψint
(
σSntdω

i
nt + σθntdωθnt

)
− citdt, (4)

where πint is each i-type investor’s subjective risk premium on stock n = 1, 2, and is given by

πint =


πnt + σSnt

σDn
θnt + αnφnt for i = `,

πnt + σSnt
σDn

θnt for i = h,

πnt − σSnt
σDn

θnt + φnt for i = s,

(5)

where πnt = µnt − rSnt is the objective risk premium on stock n.

The first term in the investors’ subjective risk premium (5) is the standard objective risk
premium. The second term is due to their subjective beliefs and adding it gives the subjective
stock risk premium if there is no additional shorting fee cost or lending income for the investor.
For the optimists this term is positive, while for the pessimists is negative. The third term, if
exists, adjusts for the additional shorting fee cost or lending income from being a short-seller
or a lender in equilibrium, respectively. If an investor turns out to be a lender in equilibrium,
she must be an optimist and earning a shorting fee φnt for each stock n share she successfully
lends out, which is a fraction αn of her long stock position, thereby increasing her subjective
stock risk premium by an amount αnφnt. Similarly, if an investor turns out to be a short-seller
in equilibrium, she must be a pessimist and paying a shorting fee φnt for each stock n share she
borrows, thereby increasing her (negative) subjective stock risk premium by an amount φnt.9

The subjective and objective risk premia will be determined endogenously in equilibrium.
9Even though the short-sellers’ subjective risk premium is intuitive, the exact mechanism leading to it is a

bit more involved. In particular, if an investor turns out to be a short-seller in equilibrium, ψs
nt < 0, her time-t

wealth is given by W s
t = Ft +

∑2
n=1 ψ

s
ntSnt +

∑2
n=1 Mnt, where Ft is the amount invested in the riskless asset,

and Mnt is the total amount of short-selling proceeds from stock n that are collateralized, and hence cannot
be invested in other securities, and is given by Mnt = −ψs

ntSnt. Over time, the collateral earns the interest
rate rMnt, which is shared between the short-seller and the lender. The lender’s account earns the shorting
fee, −φntψ

s
nt > 0, while the short-seller’s account earns the remainder rebate amount, rMnt + φntψ

s
nt. These

imply the dynamics dMnt = (rMnt +φntψ
s
nt)dt = −ψs

nt (rSnt − φnt) dt in the evolution of her financial wealth
dW s

t = dFt +
∑2

n=1 ψ
s
nt (dSnt +Dntdt) +

∑2
n=1 dMnt − cs

tdt with dFt = W s
t rdt, leading to (4)–(5).

12

Electronic copy available at: https://ssrn.com/abstract=3516969



Our explicit identification of the investor type-specific risk premia above facilitates much
tractability in our subsequent general equilibrium analysis in which investors face different
market imperfections. This in turn allows us to employ familiar stochastic dynamic program-
ming techniques in the determination of equilibrium.

3 Shorting Fee, Stock Price and Its Dynamics

In this Section, we solve for the equilibrium in which investors face different market imper-
fections, and recover the effects of costly short-selling on stocks. In particular, we find that
for a costly-to-short stock, the equilibrium shorting fee is time-varying and increases in dis-
agreement, the stock price is positively while the risk premium is negatively related to the
shorting fee, and the stock volatility is increased, all consistently with empirical evidence.

The costly stock short-selling and lending market economy is said to be in equilibrium
if the stock prices Sn, the shorting fees φn, n = 1, 2, and the investors’ consumption and
portfolio strategies (ci, ψi1, ψi2), i = `, h, s, are such that (i) all investors choose their optimal
consumption and portfolio strategies given the stock prices, the shorting fees, and their beliefs,
(ii) the stock markets and the stock short-selling and lending markets clear, i.e., λψ`nt + (1

2 −
λ)ψhnt + 1

2ψ
s
nt = Qn, and λαnψ`nt + 1

2ψ
s
nt = 0, for n = 1, 2, at all times t, respectively.

We will often make comparisons with the costless short-selling benchmark economy (i.e.,
φnt = 0, n = 1, 2) denoted with an upper bar (̄ ). Since there is no shorting fee for stocks in the
benchmark economy, only the stock markets need to clear in equilibrium. With costly short-
selling, the stock short-selling and lending markets need to additionally clear. In particular,
the equilibrium shorting fee for a stock must be such that the total amount of its shares
shorted equals to the total amount lent. Thus, in our model, the shorting fee is determined by
the classic supply-and-demand channel, for which there is much evidence as we discuss later
while presenting our results.10

To ensure that stock 2, which represents a typical cheap-to-short stock in our model, has
a zero shorting fee in equilibrium, we assume the following parameter restriction throughout

10Existing research shows that other channels and considerations such as search costs and bargaining may
also play a role in this market (Duffie, Gârleanu, and Pedersen (2002)). So as to not confound the analysis, we
abstract away from other potential channels, which may also include asymmetric information, agency issues,
and institutional incentives. We leave these considerations for future research since to our best knowledge ours
is the first comprehensive work with the supply-and-demand channel within a standard dynamic framework.
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our analysis
γσ2

D2Q2 < θ̄2 ≤
1/2 + λα2

1/2− λα2
γσ2

D2Q2. (6)

This restriction essentially states that we need to have some level of disagreement among
investors for a non-trivial short-selling activity to occur in stock 2 and this disagreement
should not be too large relative to the stock lending supply so as to prevent a positive shorting
fee. We further note that the upper bound is increasing in α2 so this inequality is likely to
hold when the partial lending for stock 2 is higher, such as for large and liquid stocks. The
restriction (6) is not only economically plausible, but is also supported by the empirical
findings. For example, D’Avolio (2002) find that a typical “general collateral” stock, a stock
with a shorting fee less than 1%, has a low belief dispersion and much excess lending supply,
with S&P500 constituents almost always belonging in this group.11 Our focus, however, is
on the costly-to-short stock 1, and so we model its disagreement as being time-varying as
in reality. Incorporating stock 2 into our model is for generality and also realism given the
cross-sectional nature of the empirical evidence we attempt to explain. Alternatively, one
could study the costly-to-short stock in isolation without a second stock, and as our analysis
shows, all our results would continue to hold.

In this costly stock short-selling economy, there are three sources of uncertainty and two
risky securities available for trading for all investors, and hence markets are dynamically in-
complete. We employ the standard stochastic dynamic programming method (Merton (1971))
to solve for each investor’s optimal consumption and portfolio strategies and apply market
clearing conditions to obtain the equilibrium. Proposition 1 reports the equilibrium in this
economy, by presenting the equilibrium shorting fees φn, the stock prices Sn, the (objective)
stock risk premia πn, the stock volatilities σn, and the investors’ indirect utility functions
J i (W i

t , θ1t, t) = max(ci,ψi1,ψi2) Eit
[∫∞
t e−ρu e

−γciu
−γ du

]
, i = `, h, s, along with their key properties.

Proposition 1 (Equilibrium shorting fee, stock price and its dynamics). In the costly
short-selling economy, for the costly-to-short stock 1, the equilibrium shorting fee and stock

11That being said, we wish to highlight that the parameter restriction (6) is only for clarity and in fact
our main results for costly-to-short stocks remain equally valid if we allowed disagreement levels higher than
the upper bound in (6), resulting with a strictly positive shorting fee, which then can be calibrated to the
observed low shorting fee of a typical cheap-to-short stock in the data.
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price are given by

φ1t = a1 + b1θ1t, (7)
S1t = S̄1t + A1 +B1φ1t, (8)

and the stock risk premium and volatility by

π1t = π̄1 −
(
rA1 − (a1 + b1θ̄1)κ1B1

)
− (κ1 + r)B1φ1t, (9)

σ1 =
√
σ̄2

1 + υ2
1b

2
1B

2
1 , (10)

where the constants a1, A1, b1 > 0, and B1 > 0 solve the non-linear equations that are provided
in Appendix A. For the zero-fee stock 2, the equilibrium shorting fee and stock price are given
by φ2t = 0 and S2t = S̄2t, and the stock risk premium and volatility by π2 = π̄2 and σ2 = σ̄2,
respectively. The i-type investor’s, i = `, h, s, indirect utility function is given by

J i
(
W i
t , θ1t, t

)
= −e−ρte−γrW i

t eF
i+Giθ1t+Hiθ2

1t , (11)

where the constants F i, Gi, H i, and each i-type investor’s optimal consumption and portfolio
strategies (ci, ψi1, ψi2) are provided in Appendix A.

In the benchmark economy with costless short-selling, for stock n, n = 1, 2, the equilibrium
stock price is given by S̄nt = (Dnt/r) + (µDn/r2) − (γσ2

DnQn/r
2), and the stock risk pre-

mium and volatility by π̄n = γσ2
DnQn/r and σ̄n = σDn/r, respectively. The i-type investor’s,

i = `, h, s, indirect utility function is given by J̄ i (W i
t , θ1t, t) = −e−ρte−γrW i

t eF̄
i+Ḡiθ1t+H̄iθ2

1t ,

where the constants F̄ i, Ḡi, H̄ i and each i-type investor’s optimal consumption and portfolio
strategies (c̄i, ψ̄i1, ψ̄i2) are provided in the Appendix A.

Consequently, in the costly short-selling economy, the costly-to-short stock

i) shorting fee is increasing in disagreement θ1t,

ii) price is increasing, while its risk premium is decreasing in shorting fee φ1t,

iii) volatility is higher than that in the benchmark economy with costless short-selling.

Proposition 1 reveals that costly-to-short stock equilibrium shorting fee (7) is risky since
it is driven by disagreement and the fluctuations in the disagreement lead to time-variation in
the shorting fee so that a higher belief disagreement leads to a higher shorting fee (property
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(i)).12 This result arises because not all optimistic investors are lenders and those who are
lenders can only lend a part of their stock holdings, and so a higher disagreement leads to a
lesser increase in lending supply than the increase in shorting demand. Hence, for the stock
lending market to clear the equilibrium shorting fee must increase. This result is consistent
with the empirical evidence in D’Avolio (2002), who shows that the shorting fee of a stock is
high when the investor disagreement is high.

Turning to the equilibrium stock 1 price and its dynamics, we first see that its price
in the benchmark economy with costless short-selling is as in the standard economy with
a single investor with unbiased beliefs. With costly short-selling, the equilibrium stock 1
price (8) and its risk premium (9) have simple structures and are additionally affected by the
shorting fee φ1. A notable implication here is that the costly-to-short stock price increases
while its risk premium decreases in the shorting fee (property (ii)), as also illustrated in
Figure 1, consistently with vast empirical evidence (e.g. Jones and Lamont (2002), Ofek,
Richardson, and Whitelaw (2004), Cohen, Diether, and Malloy (2007), Blocher, Reed, and
Van Wesep (2013), Prado (2015), Drechsler and Drechsler (2016), Duong, Huszár, Tan, and
Zhang (2017)).13 This result can be viewed as the dynamic version of the classic Miller (1977)
argument that with higher short-selling costs, the stock price is inflated since it reflects the
views of the optimistic investors more relative to those of the pessimistic investors, who, due
to the increased cost of short-selling, reflect their views on the stock less. In our model this
occurs because the stock is ultimately held by optimistic investors and among them there are
lenders, who increase their stock demand due to the additional stock lending income as the
shorting fee increases, which in turn leads to a higher current stock price and lower subsequent
returns. As Figure 1 illustrates, for a very high shorting fee, the stock risk premium can be
negative as typically observed in the data (e.g., Drechsler and Drechsler (2016)).

We also find that the costly-to-short stock volatility is higher than that in the benchmark
economy with costless short-selling (property (iii)) even though the stock has the same time-
varying disagreement θ1t in both economies. This is again consistent with the classic Miller
(1977) argument that in the absence of short-selling costs (and wealth transfer effects) the

12The costly-to-short stock equilibrium shorting fee (and other economic quantities) are also affected by the
parameters of the disagreement process, lenders’ size λ, partial lending α1, as well as the risk adjustment term
γσ2

1Q1, through the endogenous constants a1, b1, A1, and B1.
13We note that even though we focus on the effects of the shorting fee on the risk premium in Proposition

1, we find that the stock mean return µ1t and the Sharpe ratio π1t/σ1 are also decreasing in the shorting fee.
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Figure 1: Risk premium behavior. This figure plots the costly-to-short stock equilibrium risk
premium π1t against the shorting fee φ1t. The solid blue line corresponds to our economy with
costly short-selling and the dotted black line corresponds to the benchmark economy with costless
short-selling. The parameter values follow from Table 1 of Appendix B.

belief disagreement itself does not affect stock prices, leading to relatively lower stock price
(change) volatilities. In contrast, with costly short-selling, stock prices are additionally driven
by the shorting fee (Proposition 1), and the fluctuations in the shorting fee due to disagreement
shocks leads to more volatile stock price changes (Figure 2 Panel (d)). This result is consistent
with the empirical evidence in Drechsler and Drechsler (2016), who find that expensive-to-
short stocks have higher stock return volatility compared to almost-costless-to-short stocks.
Similarly, Saffi and Sigurdsson (2010) find a positive relation between high shorting fees and
high volatility.

Unsurprisingly, we also see that the zero-fee stock 2 price is as in the benchmark eco-
nomy with costless short-selling. As discussed earlier, this result arises because the constant
disagreement on this stock is assumed to be not large relative to its stock lending supply,
paralleling the reality that most large, liquid stocks have much excess lending supply, leading
to almost zero shorting fee levels. On the other hand, investors’ value function (11) has a fa-
miliar structure that typically arises in dynamic linear equilibrium asset pricing models with
Gaussian processes.

We also look at the effect of lenders’ size λ, a key quantity we endogenize in Section 5, on
the equilibrium quantities in Figure 2. Panels (a)–(c) illustrate that the costly-to-short stock
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(c) Effects on risk premium
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(d) Effects on stock volatility

Figure 2: Effects of lenders’ size. These panels plot the costly-to-short stock equilibrium shorting
fee φ1t (panel (a)), stock price S1t (panel (b)), stock risk premium π1t (panel (c)), and stock volatility
σ1 (panel (d)), against lenders’ size λ. The solid blue lines correspond to our economy with costly
short-selling, while the dotted black lines correspond to the benchmark economy with costless short-
selling. The parameter values follow from Table 1 of Appendix B.

equilibrium shorting fee and price decrease while its risk premium increases in the lenders’
size, respectively. These relations arise because as more investors become lenders, the costly-
to-short stock lending supply increases, leading to a lower shorting fee in the stock lending
market, which in turn leads to a lower stock price and higher subsequent returns on average.
The empirical support for these effects are provided by Prado, Saffi, and Sturgess (2016),
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who show that stock ownership composition matters for the stock lending market and stock
prices. In particular, they find that stocks with more concentrated institutional ownership,
i.e., stocks that are held by fewer institutions but with larger stock holdings, corresponding
to lower lenders’ size λ in our model, have lower lending supply, higher shorting fees, and
lower future returns on average. Likewise, Nagel (2005) finds that shorting fee is negatively
associated while future stock returns are positively associated with institutional ownership, a
plausible proxy for the lenders’ size in our model.14

As discussed in the Introduction, consistent with the classic Miller (1977) argument, a
number of existing theoretical works find results similar to ours that a higher shorting fee
leads to a higher stock price and a lower risk premium, as in our Proposition 1. Moreover,
Duffie, Gârleanu, and Pedersen (2002), Blocher, Reed, and Van Wesep (2013), and Daniel,
Klos, and Rottke (2018) also find that the shorting fee increases in disagreement. Our findings
complement these works by demonstrating that the Miller intuition also arises in our fairly
standard dynamic setup. However, to the best of our knowledge, our findings on volatility
(Proposition 1 property (iii)), the effects of lenders’ size as illustrated in Figure 2, as well as
all our findings in the next Section 4 on the predictive power of short interest (Proposition 2)
and short-selling risk (Proposition 3) are novel.

4 Short Interest and Short-Selling Risk

In this Section, we examine the behavior of the short interest and short-selling risk (uncer-
tainty about future shorting fee) of costly-to-short stock. We find that the costly-to-short
stock equilibrium short interest is increasing in the shorting fee and predicts future stock
returns negatively, supporting the vast empirical evidence. We further find that short-selling
risk matters in equilibrium, and show that a higher short-selling risk can be associated with
lower stock returns and less short-selling activity, also consistently with the recent empirical
evidence.

14As Figure 2 Panel (d) illustrates, the costly-to-short stock volatility does not vary much with lenders’ size
λ, thereby implying that two stocks with the same level of high shorting fee but differing in lenders’ size, and
hence differing in lending supply, may have similar volatility. In our model this occurs because the fluctuations
in the disagreement is now mostly absorbed by the fluctuations in shorting fee, whose marginal effects on the
stock price is smaller compared to fundamental dividend shocks. This finding may help us understand the
somewhat surprising evidence in Saffi and Sigurdsson (2010) and Kaplan, Moskowitz, and Sensoy (2013), who
do not find a significant relation between the lending supply and stock volatility.
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4.1 Short Interest

A widely used and closely watched measure to infer the amount of short-selling for a stock is
its short interest, which is the fraction of its outstanding shares held by short-sellers. There is
vast empirical evidence documenting that a higher current short interest predicts lower future
stock returns, both for individual stocks and the stock market itself. We now examine our
model implication for the short interest for stock n = 1, 2, defined as SInt = −1

2ψ
s
nt/Qn, and

its predictive ability for future stock n returns in the regression

Sn(t+τ) − Snt = αSIn + βSInSInt + εn(t+τ), (12)

where αSIn is some constant, βSIn is the slope coefficient that we are interested in, and εn(t+τ)

are the error terms. Towards that, Proposition 2 reports the equilibrium short interest SInt
and the slope coefficient βSIn in the predictive regression for stock n = 1, 2, along with their
key properties.

Proposition 2 (Equilibrium short interest and predictability). In the costly short-
selling economy, for the costly-to-short stock 1, the equilibrium short interest and its slope
coefficient in the predictive regression (12) are given by

SI1t = SI1t +K1 + 1
2r

((κ1 + r − 2Hsυ2
1) b1B1 − b1 + 1/r

γσ2
1Q1

− r

γσ2
D1Q1

) 1
b1
φ1t, (13)

βSI1 = −2rb1B1
γσ2

1Q1

(κ+ r − 2Hsυ2
1) b1B1 − b1 + 1/r

(
1− e−κ1τ

)
, (14)

where the shorting fee φ1t, the stock volatility σ1, and the constants b1, B1, and Hs are as
introduced in Proposition 1, and the constant K1 is provided in Appendix A. For the zero-fee
stock 2, the equilibrium short interest and its slope coefficient in the predictive regression (12)
are given by SI2t = −1/2 + θ2/(2γσ2

D2Q2) and βSI2 = 0, respectively. In the benchmark
economy with costless short-selling, for stock n, n = 1, 2, the equilibrium short interest and its
slope coefficient in the predictive regression (12) are given by SInt = −1/2 + θnt/(2γσ2

DnQn)
and β̄SIn = 0, respectively.

Consequently, in the costly short-selling economy, the costly-to-short stock

i) short interest is increasing in shorting fee φ1t,

ii) higher short interest predicts lower future stock returns.
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Proposition 2 reveals that the costly-to-short stock short interest increases in its shorting
fee (property (i)), as also illustrated in Figure 3.15 This is because, a higher current shorting
fee corresponds to a higher current disagreement and a higher stock price, and hence the
short-sellers are relatively more pessimistic now and increase their shorting demand, leading
to the positive relation between the short interest and the shorting fee of the stock. This
result is consistent with the empirical evidence in Drechsler and Drechsler (2016), who find
that expensive-to-short stocks have higher short interest compared to cheap-to-short stocks.
The typical positive relation between the short interest and shorting fee is also documented
by many other studies, including D’Avolio (2002) and Beneish, Lee, and Nichols (2015).

The key implication of Proposition 2 is that the costly-to-short stock short interest predicts
future stock returns negatively, implying a higher current short interest tends to be followed
by lower stock prices (property (ii)). This predictability arises in our model because, as
discussed above, a higher short interest corresponds to a higher current shorting fee, which is
now expected to be lower in the future due to mean-reversion, leading to lower future stock
prices on average as compared to the relatively high current stock prices. We would like
to highlight here that the predictive ability of short interest is solely due to the presence of
shorting fee. This is because in the benchmark economy, the short interest is still time-varying
(as it is driven by disagreement), but it does not predict future returns since stock 1 price does
not depend on disagreement when the short-selling is costless. Therefore, our model shows
that the current short interest is an “informative” signal for future returns for costly-to-short
stocks but not for stocks that are costless-to-short.

In the literature, empirical investigations of whether the short interest predicts future
returns or not date back to Seneca (1967), who finds that high short interest predicts lower
future returns for the S&P500. Subsequent research also confirmed these findings for both
at the individual stock levels and the aggregate market level. For the individual stock levels,
for example, Desai, Ramesh, Thiagarajan, and Balachandran (2002) show that stocks with a
high short interest experience lower returns and this predictability persists up to 12 months.
Similarly, Boehmer, Huszar, and Jordan (2010) show that stocks with a low short interest

15We do not find it necessary to impose a non-negativity restriction on our short interest measure, since the
reasonable parameter values that ensure the almost always positivity of costly-to-short stock disagreement,
also ensure the almost always positivity of the short interest in our model. For example, for the parameters
values in Table 1 of Appendix B, the probability of SI1t being positive at the steady-state is P (SI1t > 0) =
1− Φ (−44.04) ' 1, where Φ is the cumulative distribution function of standard normal distribution.
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Figure 3: Short interest behavior. This figure plots the costly-to-short stock equilibrium short
interest SI1t against its shorting fee φ1t. The solid blue line corresponds to our economy with
costly short-selling, while the dotted black line corresponds to the benchmark economy with costless
short-selling. The parameter values follow from Table 1 of Appendix B.

in the previous month experience higher returns in the next month. Similar findings are
also in Figlewski (1981), Senchack and Starks (1993), Asquith, Pathak, and Ritter (2005),
and Beneish, Lee, and Nichols (2015). Among them Beneish, Lee, and Nichols show that
the effect is stronger for stock with higher shorting fees, which is in line with our finding
that in the benchmark economy short interest is still time-varying but it does not predict
future returns. For the aggregate market, Rapach, Ringgenberg, and Zhou find that a higher
aggregate short interest predicts lower future stock market returns both at the monthly and at
the yearly horizon, and in fact argue that the short interest is the strongest known predictor of
aggregate stock market returns.16 On the theory side however, to our knowledge, our analysis
is the first to demonstrate that a higher short interest predicts lower future stock returns for
various horizons, as well as obtaining an endogenous dynamic short interest with a stationary
steady-state distribution.

Moreover, several empirical studies additionally show that, in addition to the short interest
(a stock variable), a positive change in short interest (a flow variable) also predicts lower future
returns (Boehmer, Jones, and Zhang (2008), Diether, Lee, and Werner (2009)). Our model
is also consistent with these findings since for the costly-to-short stock, the slope coefficient
in the regression of future stock returns on past changes in short interest S1(t+τ) − S1t =

16In our model, the aggregate (equally-weighted) short interest is SI1t + SI2t,which also predicts the
aggregate market S1tQ1 + S2tQ2 future returns.
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α∆SI + β∆SI
(
SI1t − SI1(t−τ)

)
+ εt+τ , is negative. Furthermore, Diether, Lee, and Werner

(2009) also show that the current short selling is positively related to past stock performance.
Our model is also consistent with this finding since the slope coefficient in the regression of
the current short interest on past stock price changes SI1t = α∆S + β∆S

(
S1t − S1(t−τ)

)
+ εt,

is positive.17

4.2 Short-Selling Risk

In recent empirical work, Engelberg, Reed, and Ringgenberg (2018) find that in the cross-
section, stocks with higher short-selling risk (higher uncertainty about future shorting fee),
as measured by the shorting fee variance, have lower returns and less short-selling activity
(volume), as measured by the number of shares shorted each day, suggesting the short-selling
risk as a significant source of limits to arbitrage.18 Since our model generates a time-varying
shorting fee with a stationary steady-state distribution, our model is well-suited to shed light
on these findings. We take our measure of short-selling risk, Vφn , for stock n = 1, 2, as in
Engelberg, Reed, and Ringgenberg, and define it to be the variance of the shorting fee (at the
steady-state), Vφn = limt→∞Var [φnt]. For our measure of short-selling activity (or volume),
σSIn , we consider the volatility of the short interest changes, σSIn =

√
Vart [dSInt] /dt, con-

sistently with the trading volume proxies employed by works in continuous-time settings (e.g.,
Xiong and Yan (2010), Longstaff and Wang (2012)).19 Proposition 3 presents the equilibrium
short-selling risk (shorting fee variance) Vφn and the short-selling activity (volatility of the
short interest changes) σSIn for stock n = 1, 2.

17We omit the analysis of these two results for brevity, but they can be shown in a straightforward manner
following the steps of the proof of Proposition 2.

18Engelberg, Reed, and Ringgenberg (2018) find that even though the shorting fee of a typical stock is low
on average, it experiences large fluctuations over time, creating significant short-selling risk for investors. For
example, they find that for a typical stock, the 1st percentile of its shorting fee is 7 bps on average, while the
99th percentile is 301 bps, indicating a significant variation in shorting fees over time. Moreover, they find
the mean (median) number of days for a short position to be open to be 81 (65) days, indicating a significant
exposure to the short-selling risk for investors. Engelberg, Reed, and Ringgenberg further show that stocks
with higher short-selling risk have less price efficiency, where their price efficiency measure is computed by
regressing the weekly stock returns on the current and the lagged (value-weighted) market returns, which is
something we cannot capture meaningfully in our framework.

19As is well recognized in the case of trading volume, employing the standard definition of short-selling
volume, by taking the absolute value of the short interest changes, |dSInt|, in a continuous-time setting
is problematic since the local variation of the driving uncertainty (Brownian motion) is unbounded. The
measure σSIn

does not suffer from this issue and captures the unexpected short-selling volume by not taking
into account of the expected changes in the short interest.
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Proposition 3 (Equilibrium short-selling risk and short-selling activity). In the costly
short-selling economy, for the costly-to-short stock 1, the equilibrium short-selling risk and
short-selling activity are given by

Vφ1 = b2
1
υ2

1
2κ1

, (15)

σSI1 = σ̄SI1 −
υ1

2r

(
r

γσ2
D1Q1

− (κ1 + r − 2Hsυ2
1) b1B1 − b1 + 1/r

γσ2
1Q1

)
, (16)

where the stock volatility σ1, and the constants b1, B1, and Hs are as introduced in Proposition
1. For the zero- fee stock 2, the equilibrium short-selling risk and short-selling activity are given
by Vφ2 = σSI2 = 0. In the benchmark economy with costless short-selling, for stock n, n = 1, 2,
the equilibrium short-selling risk and activity are given by V̄φn = 0 and σ̄SI1 = υ1/(2γσ2

D1Q1),
σ̄SI2 = 0, respectively.

In our economy, due to the time-variation in disagreement, short-sellers’ demand and
the lenders’ supply of costly-to-short stock shares also fluctuate, leading to a time-variation
in the shorting fee, and thus to a short-selling risk (uncertainty about future shorting fee)
in equilibrium. The time-variation in disagreement also leads to fluctuations in the short
interest, resulting in a non-trivial short-selling activity (16). Having determined the costly-to-
short stock short-selling risk and activity analytically, we here argue that the cross-sectional
differences in stock partial lending αn could very well be behind the evidence in Engelberg,
Reed, and Ringgenberg (2018).

To illustrate this, Figure 4 presents how the short-selling risk is related to risk premium
(Panel (a)) and the short-selling activity (Panel (b)) in equilibrium, where each bar is obtained
by varying the partial lending parameter. We see that when the costly-to-short stock has a
low partial lending it has a higher short-selling risk, a lower risk premium and a lower short-
selling activity, as documented in Engelberg, Reed, and Ringgenberg.20 The negative relation
in Figure 4 Panel (a) occurs because the shorting fee of a stock with a low degree of partial
lending is more sensitive to the disagreement shocks (higher b1 in (7)). This is because such a
stock has a lower lending supply, which can only absorb the short-selling demand by increasing
the shorting fee, leading to a higher shorting fee variance, as well as a higher stock price and

20We also find a similar result if instead of short interest volatility (a flow measure) we use the short-interest
itself (a stock measure) for the short-selling activity. We demonstrate our results using the short interest
volatility to be consistent with Engelberg, Reed, and Ringgenberg,who also employ a flow measure.
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Figure 4: Effects of short-selling risk. These panels illustrate the relations between the costly-
to-short stock equilibrium short-selling risk Vφ1 and its risk premium π1t and short-selling activity
σSI1 , where each bar is obtained by varying the partial lending α1. The partial lending parameter
values for each bar (from left-to-right) are 0.960, 0.865, 0.765, 0.650, 0.295, which are chosen so
that the each bar is equally distanced on the x-axis and covers the range for short-selling risk. The
parameter values follow from Table 1 of Appendix B.

a lower risk premium (Proposition 1). Similarly, the negative relation in Figure 4 Panel
(b) occurs because a lower partial lending also leads to a lower short-selling activity since
short-sellers now short less for any given disagreement level.

In sum, our model offers a possible explanation for the evidence in Engelberg, Reed, and
Ringgenberg (2018) by demonstrating that the differences in partial lending across stocks may
very well be behind their findings.21 In particular, our theory suggests that for two similar
costly-to-short stocks, the one lent to short-sellers in greater proportion by lenders will have
less short-selling risk, higher future returns, and more short-selling activity.

21We would like to highlight here that our numerical analysis shows that the changes in short-selling risk due
to variations in other quantities such as κ1, θ̄1, υ1, σD1 , and λ in our model would not generate the observed
relation between the short-selling risk and the risk premium and the short-selling activity simultaneously.
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5 Lenders’ Optimal Size

As clearly evident from our analysis so far and the related empirical evidence, the lenders’
size and partial lending are important driving factors in the stock short-selling and lending
market. In this Section, we endogenously determine the optimal size of lenders given a cost
of setting up a lending facility. We show that the lenders’ optimal size decreases in the cost
of entry, and is non-monotonic, first increasing then decreasing, in partial lending, while the
equilibrium stock price and shorting fee increase in the cost of entry.

Absent any other frictions, we can show that among optimistic investors, stock lenders
have a higher time-0 indirect utility than the non-lending holders do. This is simply because
the lenders partially lend their long stock positions and earn additional income, while non-
lenders do not. Given that there are benefits of being a lender in our economy, a natural
question arises whether all optimistic investors can be lenders. To determine the optimal size
of stock lenders, we introduce an entry cost, ξ, of setting up a lending facility at time 0. The
optimists then decide whether to pay the cost and become lenders, or not pay the cost and
remain as non-lenders. In equilibrium, the lenders’ optimal size λ∗ is determined endogenously
such that the time-0 indirect utility of both types of optimistic investors are equated.22 That
is, the lenders’ optimal size λ∗ solves

J ` (W0 − ξ, θ0, 0;λ∗) = Jh (W0, θ0, 0;λ∗) , (17)

where J i (·) is the indirect utility of i-type investor, i = `, h, defined at time t as J i (W i
t , θ1t, t) =

max(ci,ψi1,ψi2) Eit
[∫∞
t e−ρu e

−γciu
−γ du

]
. Proposition 4 presents the lenders’ optimal size in our costly

short-selling economy.

Proposition 4 (Lenders’ optimal size in equilibrium). In the costly short-selling eco-
nomy with a cost of entry ξ, the lenders’ optimal size λ∗ solves

(
F h +Ghθ0 +Hhθ2

0

)
−
(
F ` +G`θ0 +H`θ2

0

)
− ξγr = 0, (18)

where the constants F i, Gi, H i, i = `, h, are functions of λ∗ and are as introduced in Propo-
sition 1.

22Since both types of optimistic investors, lenders and holders, have the same subjective beliefs in our model,
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Figure 5: Lenders’ optimal size in equilibrium. These panels plot the lenders’ optimal size
λ∗ against the cost of entry ξ and costly-to-short stock partial lending α1. The solid blue lines
correspond to costly-to-short stock initial disagreement at its long-run mean θ̄1. The parameter
values follow from Table 1 of Appendix B.

Proposition 4 provides the analytical expression that the lenders’ optimal size solves. We
illustrate in Figure 5 Panel (a) that even when the entry is costless not all optimistic investors
become lenders and the lenders’ optimal size decreases in the cost of entry, and when the cost
is too high no investor becomes a lender. This is fairly intuitive since an optimistic investor is
reluctant to become a lender when it is more costly to do so. On the other hand, from Figure
5 Panel (b) we see that in the presence of entry costs, very low levels of costly-to-short stock
partial lending corresponds to no lenders, since the low potential future income from lending
does not outweigh the entry cost ξ. As the lenders can lend a higher fraction of each share
held long, the future income from lending increases and so does the optimal size of lenders.
However, for sufficiently high levels of partial lending, the optimal lenders’ size is decreasing
in partial lending, since an increase in partial lending now leads to too low of a shorting fee
and a lower future lending income.

We now turn to investigating the effects of cost of entry and costly-to-short stock partial
lending on its equilibrium shorting fee and stock price when the stock lenders’ size is endoge-

comparing their indirect utilities is economically meaningful and does not suffer from the well-known issues
that would arise if they had different, distorted, beliefs (e.g., Brunnermeier, Simsek, and Xiong (2014)).
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Figure 6: Effects of cost of entry and partial lending on shorting fee and stock price.
These panels plot the costly-to-short stock equilibrium shorting fee φ1t and price S1t against the cost
of entry ξ and partial lending α1 under the optimal lenders’ size. The solid blue lines correspond to
costly-to-short stock initial disagreement at its long-run mean θ̄1. The parameter values follow from
Table 1 of Appendix B.

nously determined as above.23 Figure 6 Panels (a) and (c) show that the costly-to-short stock
shorting fee and the price are both increasing in cost of entry. This is because a higher cost of
entry leads to a lower lenders’ optimal size, which leads to a higher shorting fee and a higher

23We also highlight that all our earlier results based on our Propositions 1–3 continue to hold with the
endogenous lenders’ optimal size λ∗.
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stock price for the reasons as discussed in Proposition 1. Similarly, Figure 6 Panels (b) and
(d) show that the costly-to-short stock shorting fee and the stock price are both decreasing in
its partial lending. These results are a bit more subtle and due to two effects. First effect is
due to the fact that a higher partial lending itself leads to a lower shorting fee and lower stock
price, since it leads to a higher lending supply. Second effect is due to the impact of partial
lending on lenders’ optimal size. As discussed above, for low levels of partial lending, lenders’
size increases in partial lending, which reinforces the first effect, and hence leading to a steep
decrease in the shorting fee and the stock price. For sufficiently high levels of partial lending,
lenders’ size decreases in partial lending, which partially counters the first effect, leading to a
less steep decrease in the shorting fee and the stock price.

In the existing theoretical literature, in a dynamic setting Duffie, Gârleanu, and Pedersen
(2002) endogenize the short-selling capital by introducing a fixed cost of entry to being a
short-seller, whereas in a static setting Banerjee and Graveline (2014) endogenize the fraction
of lenders’ long stock position that they can lend out by introducing a convex cost function.
Our findings in this section complement these works by endogenizing the lenders’ size in our
dynamic economy by introducing a fixed cost of entry to being a lender, and show how this
cost of entry, along with partial lending, affect the equilibrium stock price and shorting fee.

6 Conclusion

In this paper, we provide a comprehensive analysis of the costly short-selling and lending mar-
ket within a familiar dynamic asset pricing framework. Our model generates rich implications
that support the extensive empirical evidence on the behavior of the costly-to-short stock
shorting fee, price, its risk premium and volatility, short interest and its predictive power,
and short-selling risk and activity, and also offer simple straightforward intuitions for them.
Moreover, we endogenously determine the optimal size of lenders by introducing a fixed cost
of entry to being a lender.

Our main results for the costly-to-short stock are as follows. We find that the equilibrium
shorting fee increases in belief disagreement. We also find that the stock price is positively,
while its risk premium is negatively related to its shorting fee, thereby demonstrating that the
classic Miller (1977) intuition also arises in our fairly standard dynamic setup. We additionally
show that the stock volatility is increased in the presence of costly short-selling. More notably,
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we show that the equilibrium short interest increases in the shorting fee and predicts future
stock returns negatively. Furthermore, we demonstrate that higher short-selling risk can
be associated with lower stock returns and less short-selling activity. These implications of
our model are all consistent with empirical evidence, and in particular, to the best of our
knowledge, our results on the predictive power of the short interest, as well as on the stock
volatility and the short-selling risk, are new and have not been demonstrated in the extant
theoretical literature.

So as to not unnecessarily complicate our model, we do not consider some specific features
of the actual stock short-selling and lending practices. For instance, in our model 100% of
the short-selling proceeds are kept as collateral (see proof of Lemma 1 in Appendix A). This
rate is very close to that in the US for domestic stocks, for which lenders typically require
102% of the short-selling proceeds as a collateral to help protect themselves (D’Avolio (2002)).
Moreover, in our model, lenders get all of the shorting fee upon lending a share. In reality,
this is true for large institutions with internal lending facilities, which directly lend to short-
sellers. Other lenders typically use an agent bank/brokerage and receive only a fraction of
the shorting fee, with the rest paid to the agent bank/brokerage for providing the lending
service. Our framework would be able to accommodate these generalizations. Furthermore,
in Section 5, we do not consider the potential costs of lending in the form of lenders’ forgoing
their voting rights (D’Avolio (2002)). While it may be challenging to consider such a setup
with a dynamic trade-off between the benefits and costs of lending, it may generate significant
implications for policymaking that is concerned with regulating these markets. Relatedly,
our framework may also accommodate other regulatory interventions such as the short-selling
bans and their welfare consequences as in Buss et al. (2016), benchmarking incentives of the
lending institutions as in Basak and Pavlova (2013), additional trading fees as in Buss and
Dumas (2019), as well as noise trader risk and short squeeze in the short selling market. We
leave these considerations for future research.
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Appendix A: Proofs

Proof of Lemma 1. The financial wealth dynamics of each i-type investor, i = `, h, s, are
obtained as follows. Since the holders, i = h, do not participate in the stock short-selling and
lending market, their stock position yields the usual capital gains/losses and dividends, and
hence the evolution of their financial wealth is the familiar

dW h
t =

(
W h
t −

2∑
n=1

ψhntSnt

)
rdt+

2∑
n=1

ψhnt (dSnt +Dntdt)− cht dt. (A.1)

The stock position of the lenders, i = `, on the other hand, in addition to the capital
gains/losses and dividends, yields an additional lending income of αnφnt per share of stock n,
n = 1, 2, held, and hence the evolution of their financial wealth becomes

dW `
t =

(
W `
t −

2∑
n=1

ψ`ntSnt

)
rdt+

2∑
n=1

ψ`nt (dSnt +Dntdt) +
2∑

n=1
ψ`ntαnφntdt− c`tdt. (A.2)

Finally, the stock position of the short-sellers, i = s, in addition to the capital gains/losses
and dividends, effectively incurs an additional short-selling cost of φnt per share of stock n,
and hence the evolution of their financial wealth becomes

dW s
t =

(
W s
t −

2∑
n=1

ψsntSnt

)
rdt+

2∑
n=1

ψsnt (dSnt +Dntdt) +
2∑

n=1
ψsntφntdt− cstdt. (A.3)

Next, we note that the optimistic investors agreeing on the dividend levels of stock n,
n = 1, 2, and hence on its changes, yields the consistency relation dDnt = µDndt+ σDndωnt =
(µDn + θnt) dt + σDndω

i
nt, for i = `, h, which yields the relation between the perceived and

objective Brownian motions as stated in the main text, dωint = dωnt−(θnt/σDn)dt, for i = `, h.
A similar consideration yields the relation dωsnt = dωnt + (θnt/σDn)dt, for the short-sellers.
Substituting the posited stock price dynamics (3) into (A.1)–(A.3), and using the relations
for the perceived and the objective Brownian motions above leads to (4).

Further discussion on disagreement process (2). In this note, we demonstrate how the
dynamics for the belief disagreement (2) could arise in an economy with Bayesian investors,
who are symmetrically informed but have different interpretations of signals, as in the dyn-
amic differences in beliefs models with stationary disagreement (e.g., Scheinkman and Xiong
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(2003), Dumas, Kurshev, and Uppal (2009), Xiong and Yan (2010)). In these models, the
quantity the investors disagree on (typically, the mean of a fundamental process) is a mean-
reverting unobservable process, and investors observe signals but have different knowledge on
the informativeness of signals, which leads to investors to react differently to the signals and
therefore to have different posterior beliefs, and hence disagree.

To illustrate this disagreement in the presence of learning in our setting, we adopt the Xiong
and Yan (2010) approach, and assume that the costly-to-short stock under consideration is a
claim to the dividendD with dynamics dDt = µtdt+σdωt. The mean dividend change µ is now
an unobservable process with dynamics dµt = κµ (µ̄− µt) dt+σµdωµt, where the constants κµ,
µ̄, and σµ are the speed of mean reversion, long-run mean, and volatility of the mean dividend
change process, respectively, and ωµ is a standard Brownian motion, independent from ω.
All investors observe the signal dNt = dωθt, where ωθ is another standard Brownian motion
independent of all other Brownian motions. Even though the signal N is “pure noise” and
is not informative, each i-type investor, i = `, h, s, believes it contains useful information by
having different prior knowledge of it in the form of dNt = ϕidωµt +

√
1− ϕi2dωθt, where the

parameter ϕi captures the each i-type investor’s perceived correlation between the signal dNt

and dωµt. As in Xiong and Yan (2010), we also assume that each i-type investor misperceives
the volatility of µ as kiσµ rather than σµ, which helps us to isolate the effects of belief
disagreement, as shown below.

In this setting, each i-type investor, i = `, h, s, estimates µ from the observations of the di-
vidend and the signal, and hence, their information is the filtration Gt = σ {Ds, Ns : 0 ≤ s ≤ t}.
Assuming investors view the prior distribution of µ as normal with mean mo and variance Vo,
the application of the standard Kalman filtering (e.g., Liptser and Shiryaev (2001)) yields the
posterior mean mi

t = E [µt|Gt] and the posterior variance V i
t = E

[
(µt −mi

t)
2 |Gt

]
as

dmi
t = κµ

(
µ−mi

t

)
dt+ 1

σ
Vtdω̂

i
t + ϕikiσµdNt,

dV i
t = −

[ 1
σ2V

i2

t + 2κµV i
t −

(
1− ϕi2

)
ki

2
σ2
µ

]
dt,

where each i-type investor’s perceived Brownian motion is given by dω̂it = 1
σ

(dDt −mi
tdt). By

choosing the constants ϕ` = ϕh = −ϕs = ϕ > 0, and k` = kh = ks = 1/
√

1− ϕ2, similarly
to Xiong and Yan (2010), we shut down the channels due to investors’ overconfidence on
signal precision and isolate the effects of disagreement. We also note that with this specifi-
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cation, the `-type and the h-type investors have identical beliefs, and more importantly the
posterior variance of all investors become identical, and is equal to V ` = V

h = V
s = V =

σ2
√
κ2
µ + σ2

µ/σ
2 − σ2κµ, at the steady-state, which we base our analysis. Finally, by defining

the belief disagreement simply as the population weighted difference between the optimistic
and pessimistic investors’ posterior means, θt = 0.5m`

t − 0.5ms
t , (as in our model also), we

obtain the disagreement dynamics, similarly to Xiong and Yan (2010), as

dθt = κ (0− θt) dt+ υdωθt, (A.4)

where the constants are given by κ = κµ + V /σ2 and υ = ϕσµ/
√

1− ϕ2.

Hence, we see that the main features of our disagreement process (2) also arise in this
Bayesian learning environment, namely the disagreement being a stationary mean-reverting
process with independent shocks. We see that differently from (2), the disagreement process
(A.4) has a zero long-run mean, whereas for generality we assume it to be non-zero in our
main analysis. However, this is not crucial and our main analysis remains valid if we also
take it to be zero, since the long-run mean of disagreement does not play an important
role in our mechanisms and results, though it helps us ensure that the costly-to-short stock
shorting fee is positive with a high probability at the steady-state. In sum, we highlight that
our model can easily accommodate this more richer learning environment with unobservable
stochastic dividend mean, but it would unnecessarily complicate the analysis as it would
introduce an additional state process µ1t, therefore, for clarity, we carry out our analysis with
our disagreement in (2).

Proof of Proposition 1. To determine the equilibrium stock prices in the costly short-
selling economy, we first conjecture, and later verify, that the equilibrium stock price and the
shorting fee of stock n, n = 1, 2, take simple linear forms. Specifically, since only the costly-to
short stock 1 has a time-varying disagreement θ1, we conjecture the stock prices and shorting
fees as

S1t = Ã1 + B̃1θ1t + 1
r
D1t, S2t = Ã2 + 1

r
D2t, (A.5)

φ1t = a1 + b1θ1t, φ2t = a2, (A.6)

for some constants Ã1, B̃1, Ã2, a1, b1 and a2 to be determined endogenously in equilibrium.
Using the stock price form (A.5), the disagreement dynamics (2) and the posited stock price
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dynamics (3), we obtain the mean and the diffusion terms of the stock price (changes) as, for
stock 1, µ1t = µD1/r+ B̃1κ1θ̄1− B̃1κ1θ1t +D1t, σS1 = σD1/r, and σθ1 = B̃1υ1, and for stock 2,
µ2t = µD2/r +D2t, σS2 = σD2/r, and σθ2 = 0, respectively. These in turn imply the volatility
of the stock price (changes) as constants given by σ1 =

√
σ2
S1 + σ2

θ1 =
√

(σD1/r)2 + B̃2
1υ

2
1 and

σ2 = σS2 = σD2/r, respectively. With these dynamics, each i-type investor’s subjective risk
premium for stock 1 takes a linear form as πi1t = πia − πibθ1t, where

πia =


µD1
r

+ B̃1κ1θ̄1 − Ã1r + α1a1 for i = `,
µD1
r

+ B̃1κ1θ̄1 − Ã1r for i = h,
µD1
r

+ B̃1κ1θ̄1 − Ã1r + a1 for i = s,

πib =


(κ1 + r) B̃1 − 1

r
− α1b1 for i = `,

(κ1 + r) B̃1 − 1
r

for i = h,

(κ1 + r) B̃1 + 1
r
− b1 for i = s,

and their subjective risk premium for stock 2 becomes constant and given by

πi2 =


µD2
r
− Ã2r + 1

r
θ2 + α2a2 for i = `,

µD2
r
− Ã2r + 1

r
θ2 for i = h,

µD2
r
− Ã2r − 1

r
θ2 + a2 for i = s.

We next solve each i-type investor’s optimization problem using the standard stochastic
dynamic programming method. From the theory of stochastic control, investors’ optimal
consumption ci and portfolio strategy ψin satisfy the Hamilton–Jacobi–Bellman equation

0 = max
(ci,ψi1,ψi2)

e−ρt−γc
i
t

−γ
+ ∂J i

∂t
+
(
W i
t r + ψi1tπ

i
1t + ψi2tπ

i
2 − cit

) ∂J i
∂W

+ 1
2
(
ψi

2

1tσ
2
1 + ψi

2

2tσ
2
2

) ∂2J i

∂W 2

+ κ1
(
θ̄1 − θ1t

) ∂J i
∂θ1

+ 1
2υ

2
1
∂2J i

∂θ2
1

+ ψi1tB̃1υ
2
1
∂2J i

∂W∂θ1
, (A.7)

where J i (W i
t , θ1t, t) = max(ci,ψi1,ψi2) Eit

[∫∞
t e−ρu e

−γciu
−γ du

]
is i-type investor’s indirect utility

function. We proceed by taking i-type investor’s indirect utility J i (·) as in (11). Taking
the first-order conditions of (A.7) with respect to ci, ψi1 and ψi2, and substituting the indirect
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utility (11) gives the optimal consumption and portfolio strategy, respectively, as

cit = rW i
t −

ln (γr)
γ
− F i +Giθ1t +H iθ2

1t
γ

, (A.8)

ψi1t = πi1t
γrσ2

1
+ B̃1υ

2
1 (Gi + 2H iθ1t)

γrσ2
1

, (A.9)

ψi2 = πi2
γrσ2

2
. (A.10)

Substituting (11), (A.8), (A.9), and (A.10) into (A.7) and rearranging gives the following
quadratic equation in θ1t,

0 = (r − ρ)− r ln (γr)− rF i − rGiθ1t − rH iθ2
1t −

1
2σ2

1

[(
πia +GiB̃1υ

2
1

)
+
(
2H iB̃1υ

2
1 − πib

)
θ1t
]2

+ κ1
(
θ̄1 − θ1t

) (
Gi + 2H iθ1t

)
+ 1

2υ
2
1

[
2H i +

(
Gi + 2H iθ1t

)2
]
− πi

2
2

2σ2
2
.

By the method of undetermined coefficients, we must have for i = `, h, s,

0 = (r − ρ)− r ln (γr)− rF i −

(
πia +GiB̃1υ

2
1

)2

2σ2
1

+ κ1θ̄1G
i +

υ2
1

(
2H i +Gi2

)
2 − πi

2
2

2σ2
2
, (A.11)

0 = κ1
(
2θ̄1H

i −Gi
)
− rGi − 1

σ2
1

(
πia +GiB̃1υ

2
1

) (
2H iB̃1υ

2
1 − πib

)
+ 2υ2

1G
iH i, (A.12)

0 = 2υ2
1H

i2 − (r + 2κ1)H i − 1
2σ2

1

(
2H iB̃1υ

2
1 − πib

)2
. (A.13)

To determine the constants Ã1, B̃1, a1, and b1, and hence verify our conjectured equilibrium
shorting fee and the price for stock 1, we first impose the stock market clearing condition,
λψ`1t + (1

2 − λ)ψh1t + 1
2ψ

s
1t = Q1. Substituting (A.9), and rearranging yields a linear equation
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of θ1t. By the method of undetermined coefficients, we must also have
[(

2λ (1−α1)H`+(1−2λ)Hh
)
υ2

1−
(1

2−λα1
)

(κ1+r)
]
rB̃1+

(1
2−λα1

)
+λα1 (1−α1) rb1 = 0,

(A.14)[
λ(1−α1)G`+

(
1/2−λ

)
Gh
]
υ2

1B̃1+
(
1/2−λα1

)(
µD1/r+κ1θ̄1B̃1−rÃ1

)
+λα1(1−α1) a1

rγ
(
B̃2

1υ
2
1 + σ2

D1/r
2
) = Q1.

(A.15)

We next impose the stock short-selling and lending market clearing condition for stock 1,
λα1ψ

`
1t+ 1

2ψ
s
1t = 0. Substituting (A.9) and again using the method of undetermined coefficients

leads to[(
2λα1H

` +Hs
)
υ2

1 −
(1

2 + λα1
)

(κ1 + r)
]
rB̃1 −

(1
2 − λα1

)
+
(1

2 + λα2
1

)
rb1 = 0, (A.16)(

λα1G
` + 1

2G
s
)
υ2

1B̃1 +
(1

2 + λα1
)(µD1

r
+ κ1θ̄1B̃1 − rÃ1

)
+
(1

2 + λα2
1

)
a1 = 0. (A.17)

We then jointly solve the constants H`, Hh, Hs, B̃1, and b1 from the five equations: (A.13)
for i = `, h, s, (A.14), and (A.16). For this, we first notice (A.13) is quadratic in H i, which
yields two distinct roots, one is positive and the other is negative. We obtain a unique linear
equilibrium by imposing the condition that if the disagreement approaches to being constant,
i.e., υ1 → 0, we should obtain the economic quantities of the same form for stock 1 and 2.
This identification rules out the positive roots of H i. Consequently, we take the negative root
of the quadratic equation (A.13) and obtain for i = `, h, s,

H i =
−ei1 −

√
ei

2
1 − 4ei2ei0

2ei2
< 0, (A.18)

where ei2 = 2υ2
1σ

2
D1/r

2, ei1 = 2B̃1υ
2
1π

i
b − (r + 2κ1)σ2

1, and ei0 = πi
2
b /2. The constant B̃1 and b1

are then jointly solved from the resulting non-linear equation obtained by substituting (A.18)
into (A.14) and (A.16), which implies that B̃1, and b1 must have the same sign. Again, we
impose the condition that if the disagreement approaches to being constant, i.e., υ1 → 0, we
should obtain the economic quantities of the same form for stock 1 and 2, in which B̃1 and
b1 are both positive, so we conclude that is also the case here. Moreover, this is consistent
with the special case of our model with α1 = 1, in which we have a closed-from solution for
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B̃1 = 1/(r(κ1 + r)) > 0, which also guarantees b1 > 0.

We next jointly determine the constants G`, Gh, Gs, Ã1, and a1, from the five equations:
(A.12) for i = `, h, s, (A.15), and (A.17). For this, we rearrange (A.12), which yields for
i = `, h, s,

Gi =
2κ1θ̄1H

iσ2
1 −

(
2H iB̃1υ

2
1 − πib

)
πia

(κ1 + r)σ2
1 +

(
2H iB̃1υ2

1 − πib
)
B̃1υ2

1 − 2υ2
1σ

2
1H

i
. (A.19)

The constant Ã1 and a1 are then backed out from the resulting non-linear equation obtained
by substituting (A.19), together with the solved constants, H`, Hh, Hs, B̃1, and b1, into
(A.15) and (A.17). Finally, we determine the constant F i for i = `, h, s, by substituting
(A.18), (A.19) into (A.11) and using the solved constants, which yields

F i = 1
r

[
(r − ρ)− r ln (γr)− 1

2σ2
1

(
πia +GiB̃1υ

2
1

)2
+ κ1θ̄1G

i + 1
2υ

2
1

(
2H i +Gi2

)
− 1

2
πi

2
2
σ2

2

]
.

For stock 2, to determine the constants Ã2 and a2 and verify our conjectured equilibrium
shorting fee and stock price, we again impose the stock market clearing condition λψ`2t +
(1

2 − λ)ψh2t + 1
2ψ

s
2t = Q2, and the stock short-selling and lending market clearing condition

λα2ψ
`
2t + 1

2ψ
s
2t = 0. Substituting (A.10) into the two market clearing conditions and solving

yields

Ã2 = µD2

r2 −
γσ2

D2Q2

r2 +
(1

2 + λα2

) 1
r
a2,

a2 = max
{

0, 1
r

(1/2− λα2) θ̄2 − (1/2 + λα2) γσ2
D2Q2

(1/2 + λα2) (1/2− λα2)− λα2 (1− α2)

}
.

We note that for the parameter restriction (6), stock 2 has a zero shorting fee, a2 = 0, leading
to the price, S2t = D2t/r+ µD2/r

2 − γσ2
D2Q2/r

2. As discussed in footnote 11, allowing higher
stock 2 disagreement levels such that 1/2+λα2

1/2−λα2
γσ2

D2Q2 < θ̄2 ≤ 2γσ2
D2Q2 results with a strictly

positive shorting fee as determined above, which then can be calibrated to the observed low
shorting fee of a typical cheap-to-short stock in the data.

Thus, we have verified our conjectured equilibrium stock prices (A.5) and the shorting
fees (A.6) by determining the constants Ã1, B̃1, Ã2, a1, b1 and a2, as well as determining
the constants F i, Gi, and H i in the indirect utility of each i-type investor (11), i = `, h, s.
Lastly, we use the monotonic relation between the stock 1 shorting fee and the disagreement

37

Electronic copy available at: https://ssrn.com/abstract=3516969



(7), and rewrite the price of stock 1 in terms of the shorting fee as in (8) by defining A1 =
Ã1 − a1B̃1/b1 − µD1/r

2 + γσ2
D1Q1/r

2 and B1 = B̃1/b1.

In the costly short-selling economy, the equilibrium stock risk premium is given by πnt =
µnt− rSnt, n = 1, 2, where µnt is determined from the drift term in the dynamics of the stock
prices (A.5), yielding the stock risk premium as

π1t = µD1

r
+ B̃1κ1θ̄1 − rÃ1 − (κ1 + r) B̃1θ1t,

π2 = µD2

r
− rÃ2.

For stock 1, using the monotonic relation between the shorting fee and the disagreement (7),
together with A1 = Ã1 − a1B̃1/b1 − µD1/r

2 + γσ2
D1Q1/r

2 and B1 = B̃1/b1, we obtain (9). For
stock 2, substituting Ã2 = µD2/r

2 − γσ2
D2Q2/r

2, into π2 above yields π2 = γσ2
D2Q2/r. The

equilibrium volatility of stock n = 1, 2, is as determined above and given by σ1 =
√
σ2
S1 + σ2

θ1 =√
(σD1/r)2 + B̃2

1υ
2
1 and σ2 = σS2 = σD2/r, which along with B1 = B̃1/b1 yields (10).

In the benchmark economy with costless short-selling, we solve the equilibrium price for
stock n, n = 1, 2, again by conjecturing a linear form, S̄nt = Ān+ B̄nθnt+Dnt/r, and taking i-
type investor’s indirect utility J̄ i (·) as in (11). Following the similar steps to those in our model
with costly short-selling above, taking a1 = b1 = a2 = 0, and substituting (A.9) and (A.10)
into the same stock market clearing conditions, immediately yields Ān = µDn/r

2−γσ2
DnQn/r

2

and B̄n = 0, verifying our conjecture. The stock n mean return and volatility are thus given
by µ̄nt = µDn/r + Dnt and σ̄n = σDn/r, respectively, and hence the stock risk premium is
π̄n = γσ2

DnQn/r. The constants F̄ i, Ḡi, and H̄ i in the indirect utility function are then solved
through a similar system of equations of (A.11)–(A.13) by substituting Ān, B̄n and setting
a1 = b1 = a2 = 0. Finally, by substituting Ān, B̄n, F̄ i, Ḡi, and H̄ i into (A.8), (A.9), and
(A.10), we obtain each i-type investor’s optimal consumption c̄i and portfolio strategy ψ̄in,
respectively. Specifically, we have ψ̄int = Qn + θnt/γσ

2
Dn for i = `, h, and ψ̄int = Qn− θnt/γσ2

Dn

for i = s.

Property (i), which states that the shorting fee is increasing in disagreement follows from
the fact that b1 > 0 as discussed above. Property (ii), which states that the stock price is
increasing, while its risk premium is decreasing in shorting fee, follows from the fact that
B1 > 0. Property (iii), which states that the stock volatility is higher than that in the
benchmark economy with costless short-selling is immediate from (10).
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Proof of Proposition 2. In the costly short-selling economy, the equilibrium short interest
for stock n = 1, 2, is given by SInt = −1

2ψ
s
nt/Qn. For stock 1, substituting the short-sellers’

optimal portfolio strategy (A.9) leads to

SI1t = − 1
2r

(
µD1/r + B̃1κ1θ̄1 − rÃ1 + a1

)
+GsB̃1υ

2
1

γσ2
1Q1

+ 1
2r

(κ1 + r − 2Hsυ2
1) B̃1 − b1 + 1/r

γσ2
1Q1

θ1t,

(A.20)
which after using the monotonic relation between the shorting fee and disagreement (7), along
with A1 = Ã1 − a1B̃1/b1 − µD1/r

2 + γσ2
D1Q1/r

2 and B1 = B̃1/b1, and rearranging becomes
(13), with the constant

K1 = 1
2 + 1

2
1

γσ2
D1Q1

a1

b1
− 1

2r

1
r
a1
b1
− rA1 + 1

r
γσ2

D1Q1 +
[
κ1
(
a1 + b1θ̄1

)
+ b1υ

2
1G

s − 2a1υ
2
1H

s
]
B1

γσ2
1Q1

.

The slope coefficient in the predictive regression (12) is given by

βSI1 =
Cov

[
SI1t, S1(t+τ) − S1t

]
Var [SI1t]

, (A.21)

where the covariance between the short interest and stock price changes, derived from (A.5)
and (A.20), is

Cov
[
SI1t, S1(t+τ) − S1t

]
= −B̃1

υ2
1

4κ1r

(κ1 + r − 2Hsυ2
1) B̃1 − b1 + 1/r

γσ2
1Q1

(
1− e−κ1τ

)
, (A.22)

and the variance of short interest in (A.20), using Var [θ1t] = υ2
1/(2κ1), is

Var [SI1t] = υ2
1

8κ1r2

(
(κ1 + r − 2Hsυ2

1) B̃1 − b1 + 1/r
γσ2

1Q1

)2

, (A.23)

where the constants Hs and b1 are defined as in the proof of Proposition 1. Substituting
(A.22) and (A.23) into (A.21) and using B1 = B̃1/b1 yields (14).

In the costless short-selling benchmark economy, the equilibrium short interest of stock
n = 1, 2, is obtained using ψ̄snt = Qn − θnt/γσ

2
Dnas derived in Proposition 1. We obtain

SInt = −1/2 + θnt/(2γσ2
DnQn). The slope coefficient in the predictive regression (12) is zero

because the stock price does not depend on disagreement.
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Property (i), which states that the short interest is increasing in shorting fee, follows from
the positivity of the partial derivative of short interest with respect to φ1t, or, equivalently θ1t,
which is given by ∂SI1t/∂θ1t =

[
(κ1 + r − 2Hsυ2

1) B̃1 − b1 + 1/r
]
/ (2rγσ2

1Q1) using (A.20).
To show (κ1 + r − 2Hsυ2

1) B̃1 − b1 + 1/r > 0, we first substitute (A.16) to this inequality
and get a necessary and sufficient condition 2H`υ2

1B̃1 − (κ1 + r) B̃1 + 1/r + α1b1 > 0. We
then substitute the equilibrium H` from (A.18) into the left-hand-side of this condition and
rearrange to obtain κ1 (r + κ1) B̃2

1 + r (α1b1 + 1/r) B̃1− (α1b1 + 1/r)2 > 0, which always holds
since 0 < B̃1 < 1/ (r (r + κ1))+(1−α1)λα1b1/((r+κ1)(1/2−λα1)) as implied by (A.14) with
H` < 0 and Hh < 0. Property (ii) that a higher short interest predicts lower future stock
returns follows from the fact that βSI1 is negative. This is because except for the negative sign,
all the terms in (14) are positive including the denominator term (κ1 + r − 2Hsυ2

1) B̃1−b1+1/r,
as shown above.

Proof of Proposition 3. In the costly short-selling economy, the equilibrium short-selling
risk for stock n, n = 1, 2, is given by Vφn = limt→∞Var [φnt]. For stock 1, substituting the
equilibrium shorting fee (7) and using the steady state variance, Var [θ1t] = υ2

1/(2κ1), yields
(15). For stock 2, we immediately obtain Vφ2 = 0. The equilibrium short-selling activity for
stock n, n = 1, 2, is defined as the volatility of short interest changes, σSIn =

√
Vart [dSInt] /dt.

For stock 1, taking the derivative of (A.20), substituting (7), and using the disagreement
dynamics (2) and B1 = B̃1/b1 gives (16). For stock 2, we immediately obtain σSI2 = 0.

In the costless short-selling benchmark economy, for stock n, n = 1, 2, the shorting fee
and thus its variance is zero. The volatility of short interest is calculated using SInt =
−1/2 + θnt/(2γσ2

DnQn), which yields σ̄SI1 = υ1/(2γσ2
D1Q1) and σ̄SI2 = 0.

Proof of Proposition 4. In the costly short-selling economy, given the cost of entry ξ, the
lenders’ optimal size λ∗ solves (17). Substituting the indirect utility (11) at t = 0 into (17)
and rearranging gives (18).

Appendix B: Parameter Values in Figures

In this Appendix, we discuss the parameter values and their choices employed in our Figures.
Table 1 summarizes the parameter values used. We note that the behavior of the equilibrium
quantities depicted in our Figures is typical and does not vary much with alternative plausible
values of parameters.
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We start by setting the interest rate to r = 0.025 and the time discount factor to ρ = 0.015,
as often used in other works with similar settings (e.g., Barberis, Greenwood, Jin, and Shleifer
(2015)). We also set the absolute risk aversion coefficient to γ = 1. For ease of comparison, we
assume the same parameter values for each stock dividend dynamics (1) and choose the mean
of dividend changes, µDn , and the volatility of dividend changes, σDn , so that they simply
match the aggregate dividend growth rate mean and volatility in the data, 0.018 and 0.115,
respectively (Bansal and Yaron (2004)). Next, for stock n, n = 1, 2, we choose the initial
dividend level Dn0 and the supply of stock Qn such that the stock prices in our costly short-
selling economy are around 100. To do this, we first set the initial dividend to Dn0 = 3.83
such that the initial price-dividend ratio Sn0/Dn0 matches the average price-dividend ratio of
the stock market in the data, which is reported by Bansal and Yaron (2004) to be 26, after
rounding. Given the level of initial dividend we then set the supply of stock to Qn = 5 for
stock price to be around 100.

For the costly-to-short stock 1 partial lending α1, the fraction of lenders’ long position that
is actually lent to short-sellers, we use the average ratio of total stock amount actually lent out
to total amount available to borrow for stocks on special (i.e., stocks with shorting fees higher
than 1%) as a proxy, which is reported by Aggarwal, Saffi, and Sturgess (2015) to be 43%. We
set the lenders’ size in our model so that the lending supply (fraction of outstanding shares
held by lenders) in our model matches the corresponding quantity in the data (Engelberg,
Reed, and Ringgenberg (2018) report this to be 18%), which yields λ = 0.078. We note that
we endogenize this quantity in Section 5 and our analysis there yields the lenders’ optimal
size to be quite close to this value. In our analysis of Section 5, we also set each investors’
initial wealth to W0 = 5000 and the cost of entry to ξ = 100 (2% of initial wealth).

For the second moment parameters of the disagreement process of costly-to-short stock 1,
we use the summary statistics provided by Yu (2011), who report the standard deviation and
the one-month autocorrelation of disagreement as 0.0038 and 0.93, respectively. Matching
these quantities to the corresponding ones in our model gives 0.0038 = υ1/

√
2κ1, and 0.93 =

exp(−κ1/12), which yields the volatility of the disagreement as υ1 = 0.0058, and speed of
mean reversion as κ1 = 0.87. We set the mean of the disagreement changes such that in
our main model, the probability of the costly-to-short stock 1 shorting fee being positive is
99.9%. With the equilibrium shorting fee (7) as in Proposition 1, this probability is given
by limt→∞ P (φ1t > 0) = 1− Φ

(
−
(
θ̄1 + a1/b1

)
/
√
υ2

1/2κ1
)

= 99.9%, which yields the mean of
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Parameter Symbol Value
Stock n, n = 1, 2, initial dividend Dn0 3.83
Stock n, n = 1, 2, mean of the dividend changes µDn 0.018
Stock n, n = 1, 2, volatility of the dividend changes σDn 0.115
Stock n, n = 1, 2, supply of stock shares Qn 5
Stock n, n = 1, 2, long-run mean of the disagreement θ̄n 0.0895
Stock 1 volatility of the disagreement changes υ1 0.0058
Stock 1 speed of mean reversion of the disagreement κ1 0.87
Stock 1 partial lending α1 0.43
Population mass of lenders λ 0.078
Interest rate r 0.025
Absolute risk aversion coefficient γ 1
Time discount factor ρ 0.015
Cost of entry ξ 100

Table 1: Parameter values. This table reports the parameter values used in our Figures.

the disagreement changes as θ̄1 = 0.0895, which is assumed to be the same for the stock 2
constant disagreement level, θ̄2 = 0.0895. This procedure yields the parameter values in Table
1.

We further note that with these parameter values, the probability of the the costly-to-short
stock 1 disagreement θ1t and the short interest SI1t being positive in the steady-state become
limt→∞ P (θ1t > 0) = 1−Φ

(
−θ̄1/

√
υ2

1/2κ1
)

= 1−Φ (−20.35) ' 1, and limt→∞ P (SI1t > 0) =
1− Φ (−44.04) ' 1, as reported in Remark 1 and footnote 15, respectively.
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