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1. Introduction

Tax asymmetry is a key characteristic of corporate tax systems. In contrast to tax symmetry where the government
shares in both profits and losses, firms pay corporate taxes when profitable but do not receive tax refunds when
unprofitable. The adverse effects of tax asymmetry on firms’ investment and financing policy have been subject
to significant theoretical and empirical work in the economics, finance, and accounting literature. Tax asymmetry
leads to risk-averse behaviour and reduces firms’ incentives to invest in risky projects in favor of safer projects
that generate more predictable returns.! Likewise, tax asymmetry has significant adverse implications on firms’
financing policy that leads to sub-optimal capital structures.? These negative effects increase firms’ incentives to

hedge.3

The cost of tax asymmetry is even more relevant today than in the past because of an upward trend in losses
experienced by U.S. firms. Coincident with the rise of intangible assets, the number of loss-making firms has
increased from 2% in the early 1960’s to over 30% in recent years, when measured by the number of publicly-
listed firms reporting negative operating cash-flows. Scaled by assets, the annual losses of firms in the bottom
decile of operating cash-flows have increased from 11% of assets in the 1970s to 58% in the 2000s. The persistence
of tax losses has also increased over time. The proportion of negative cash flow firms reporting positive cash
flows in the following year has decreased from 80% in the 1970’s to 20% in recent years and the average number

of consecutive years of negative cash flows has increased from 1 to 4 years.*

The relevance of tax asymmetry depends on firms’ abilities to mitigate their adverse impact. Various provisions
of the tax code alleviate the negative impact of loss offset constraints. Carryforward and carryback provisions
allow firms to reduce their tax liabilities by writing off losses against past or future profits. Empirical evidence
shows that most U.S. firms carryforward losses. Almost 90% of the large public U.S. firms disclose loss

carryforwards in at least one jurisdiction (federal, state, or foreign), a sevenfold increase over the 13% reported

! Theory and empirical evidence suggest that tax asymmetry discourages risk taking. See Domar and Musgrave (1944), Stiglitz
(1969), Majd and Myers (1985, 1987), Green and Talmor (1985), and more recently Ljungqvist et al. (2017), Langenmayr and
Lester (2018) among others.

2See Leland (1994). Interest expenses decrease earnings and increase the likelihood that tax savings will not be fully realized
in all states of the world. This lowers the expected tax benefits and decreases the firm’s optimal leverage ratio.

3 Hedging reduces the costs of tax asymmetry and lowers the expected taxes generated by a volatile earnings stream. See
Smith and Stulz (1985) and Graham and Smith (1999).

4 Altshuler et al. (2009) report that the fraction of firms with negative net income divided by the fraction of firms with positive
net income increased from about 0.67 to more than 0.90 between 1962 and 2007. They argue that the sharp increase is
traceable to a sharp general decline in the average rate of return among the firms. See also Denis and McKeon (2020).



in the 1980s and 1990s.> Tax provisions endow firms with valuable tax assets, raising issues about their valuation
and their effectiveness at reducing the cost of tax asymmetry. Tax assets are typically valued at their “book values”
given by the “stock” or “reserve” of tax losses held by the firm. However, the book value approach fails to capture
their riskiness. Delays between the generation and utilization of tax losses introduce uncertainty in the tax cash-
flows and in their timing. Losses that are carried forward have no value when firms are unable to generate
sufficient taxable income to ever utilize their losses. Low recovery rates, estimated to be equal to less than one-
half of the value of tax losses on average, underscore their riskiness.® This suggests that the book value over-

estimates the “market value” of tax assets by failing to adjust for their riskiness.’

Refundability risk, defined as the risk that earnings will not materialize in the future, prevents firms from receiving
either tax credits or tax refunds, and creates a wedge between the market value and the book value of tax assets.®
The difference is acknowledged in the economics, accounting, and finance literature but is typically not modelled.
In the empirical accounting literature that looks at the impact of tax provisions on the firm’s investment policy,
the book value is typically used as a proxy for the market value of the tax asset. In the theoretical corporate
finance literature, such as dynamic capital structure models, tax provisions are either ignored (as is the case for
the carryback provision) or accounted for by introducing an exogeneous asset-dependent boundary below which
firms lose tax credits. The paucity of theoretical work on the valuation of tax assets stems from the difficulty of

modelling the intertemporal and dynamic effects generated by tax provisions.

The first contribution of the paper is to fill a gap in the literature and to show how to value tax assets at their
market values. Consider the (standalone and unconstrained) carryforward provision under a one-period model
(without loss of generality). The tax provision allows a firm to decrease its tax liability in taxable states by an
amount that depends on prior tax losses. The likelihood that a firm will receive a tax credit is conditional on the
occurrence of two consecutive events taking place in the future. Both are driven by future earnings and require
the firm to incur a tax loss and to make a subsequent taxable profit. De facto, the tax asset granted by the

government to the firm is a “put-on-a-call” compound option on earnings, with the put and the call contracts

5 See Heitzman and Lester (2020).

6 See Cooper and Knittel (2006) and (2010). Over a ten—year window, they find that approximately 40 to 50% of losses are
used as a loss carryforward deduction, approximately 25 to 30% are lost and 10 to 20% remain unused.

7 An analogy is the difference between the book and the market value of a defaultable bond. The difference depends on the
default probability and the expected recovery rate.

8 The focus of the paper is on refundability risk. Tax assets are subject to other risks, such as the possibility that a future
ownership change constrains the firm's ability to use carryforwards. See Erickson and Heitzman (2010). The paper assumes
an unlevered firm and no default risk. This issue is left to a companion paper.
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capturing the tax loss and the taxable profit, respectively. The two derivative contracts are nested. The firm must
exercise both options, starting with the put contract and subsequently the call contract, to receive a tax credit in

the future.’ The argument extends to multiple periods.

More specifically, the put option contract, referred to as the carryforward reserve, or the book value of the tax
asset, is written on earnings. The put option is exercised by the firm when it incurs a tax loss. Its strike price is
equal to the carryforward reserve at the end of the previous year. The put option captures the dynamics of the
carryforward reserve over time. The call contract, referred to as the market value of the tax asset, granted to the
firm upon the put’s exercise, is a call spread on earnings expiring one year later. It is a risky asset composed of a
long call option with a strike price equal to 0 and a short call option with a strike price equal to the book value of
the tax asset. Depending on earnings prevailing on the call spread’s expiry date one year later, the firm receives a
tax credit floored at zero in the worst-case scenario and a tax credit capped at the book value of the tax asset in
the best-case scenario (times the expected statutory tax rate). The market value of the tax asset is bounded above
by its book value. Refundability risk explains the difference between the value of the put option (the book value)
and the value of the call spread (the market value). The difference depends on two offsetting effects, a cash-flow
effect, and a likelihood effect. An increase in the book value increases the market value of the tax asset. However,
this positive cash-flow effect is offset by an adverse likelihood effect. An increase in the book value decreases the
probability that the firm will receive the full tax credit. Refundability risk decreases the marginal value of an

additional dollar of tax loss and decreases the present value of tax credits to be received by the firm in the future.

The (standalone) carryback provision obtains by symmetry. The likelihood that a firm will receive a tax refund in
the future is conditional on the occurrence of two consecutive events taking place, i.e., a taxable profit followed
by a tax loss. De facto, the tax asset granted to the firm by the government is a “call-on-a-put” compound option
on earnings with the call and the put contracts capturing the taxable profit and the tax loss, respectively. The firm
must exercise the call contract and subsequently the put contract to receive a tax refund in the future. The call
option, referred to as the carryback reserve or the book value of the tax asset, is exercised by the firm in years
when it makes a taxable profit. Its strike price is equal to the carryback reserve at the end of the previous year.
The call option captures the dynamics of the carryback reserve over time. The put contract, referred to as the

market value of the tax asset, granted to the firm upon the call’s exercise, is a put spread on earnings expiring one

% This formalizes the argument put forward by Green and Talmor (1985) that loss carryforwards can be viewed as the
government holding a call on the firm’s cash-flows in each period with a path-dependent exercise price.
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year later. The put contract is a risky asset composed of a long put option with a strike price equal to zero and a
short put option with a strike price equal to the (negative of the) book value of the tax asset. Depending on
earnings prevailing one year later, the firm receives a tax refund floored at zero in the worst-case scenario and a
tax refund capped at the book value of the tax asset in the best-case scenario (times the expected statutory tax
rate). The market value of the tax asset is bounded above by its book value. The put spread captures refundability
risk and the difference between the book and the market value of the tax asset. Like in the carryforward case,
refundability risk decreases the marginal value of an additional dollar of taxable profit and decreases the present

value of the tax refunds to be received by the firm in the future.

Tax assets can be modelled as a portfolio of compound options on the firm’s earnings with path-dependent time-
varying strike prices. The benefits of the derivatives’ framework are two-fold. First, it provides key insights on the
valuation of tax assets and on the intertemporal and substitution effects that arise between the carryforward and
the carryback provisions. The framework is useful from a public policy point of view to assess the impact of a
change in a tax provision on the market value of tax assets. Any policy change in the constraints imposed on one
of the two tax provisions, such as length of the carryback or of the carryforward period, must incorporate the
intertemporal and substitution effects that arise between the tax provisions. Second, the market values of the tax
assets can be estimated in closed form when the book value, i.e., the carryforward or carryback reserve, is
observable (as is the case at time 0). This requires an assumption about the stochastic process followed by
earnings, such as an arithmetic Brownian motion, and the estimation of the parameters governing the process.°
Beyond time 0, the tax assets must be valued by simulation given the path-dependency of the derivative contracts.
The usefulness of the derivatives’ framework is to impose a parametric model onto an otherwise plain algorithmic

approach.

The second contribution of the paper is to use the derivatives’ framework to assess the effectiveness of tax
provisions at mitigating the negative impact of tax asymmetry. Consider a firm’ balance sheet (in market value
terms). On the liability side, the firm issues (i.e., is short) a perpetual coupon-paying bond to the government
paying an annual floating-rate coupon. Absent tax provisions and tax shields, the annual coupon is a put option
on earnings with a strike price equal to zero times the expected statutory tax rate.!! The reason is that in the tax

asymmetry case, and unlike the tax symmetry case, the firm receives no tax refund from the government when

10 By preventing earnings to be negative, a geometric Brownian motion undervalues both the carryback and carryforward tax
assets. Under a GBM, the carryback reserve would be equal to 0 and the market value of the carryback asset would be equal
to 0. Further, a GBM would undervalue the carryforward tax asset by under-estimating the carryforward reserve. Dynamic
capital structure models typically assume a GBM. One exception is Ammann and Genser (2004).

11 Tax shields increase the put’s strike price by a positive amount equal to depreciation allowances and interest expenses
(among other tax deductions). They increase the cost of tax asymmetry.
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incurring a tax loss. The shortfall for the firm is a put option on earnings. The annual coupon increases with tax
losses and is theoretically unbounded. The market value of the bond depends on the stochastic process governing
the firm’s earnings and on the future statutory tax rates. Its value increases unambiguously with earnings’
volatility. The market value of the bond captures the cost of tax asymmetry to the firm. On the asset side of the
balance sheet, the firm holds (is long) a perpetual annual floating-rate coupon-paying bond granted by the
government. Depending on which one of the carryforward reserve or carryback reserve is positive, the annual
floating-rate coupon is either a call spread or a put spread on earnings times the expected statutory tax rate. Tax
provisions mitigate but do not perfectly hedge the cost of tax asymmetry because of the mismatch in the bonds’
coupons. Unlike the coupon of the short bond issued to the government given by a put option with a strike price
of 0, the annual floating-rate coupon paid by the government to the firm depends on past earnings, is capped at
the book value of the tax asset and is subject to refundability risk. The firm bears a net (positive) cost of tax
asymmetry equal to the difference in the market value of the two bonds held by the firm on the asset side and
liability side of its balance sheet. The difference increases with earnings’ volatility and refundability risk, i.e., with
a decrease in the probability that the call spread or the put spread will be exercised in the future. In the best-case
scenario, the firm recovers its tax loss, albeit with a time lag. The valuation of tax assets at their book values under-
estimates the net cost of tax asymmetry to the firm. The net cost of tax asymmetry is unknown ex-ante and leaves

the firm exposed to tax uncertainty, i.e., to a change in the tax provisions.

The third contribution of the paper is to shed light on the agency costs of tax asymmetry and on the conflicts of
interest arising from the difference between the book and the market value of the tax asset.’? Under tax
asymmetry, firms own on the asset side of their balance sheets a risky bond granted by the government. A unique
characteristic of the bond is to pay a coupon that depends on the firm’s earnings, i.e., the firm is long a risky bond
subject to its own earnings’ risk. The firm has incentives to manipulate the earnings generating process to increase
(or to preserve) the market value of its tax asset. Refundability risk raises agency problems between the firm and
the government akin the agency problems between shareholders and creditors. When the market value of the tax
asset is low relative to its book value, i.e., when the call spread or the put spread is out-of-the-money, the firm

has incentives to increase earnings’ volatility by investing in high-risk projects and by scaling back its financial and

12 There is empirical evidence that firms take actions to preserve and maximize tax loss benefits. See Maydew (1997), Erickson
and Heitzman (2010), Albring, Dhaliwal, Khurana, and Pereira (2011), Sikes, Tian, and Wilson (2014). The literature does not
address the issue of how risk-taking can increase the market value of the tax asset.
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operational hedges.?® This is the case when the firm’s earnings are negative (positive) and the firm holds a large
carryforward (carryback) reserve, respectively.’* In both cases, the likelihood that the current and future call
spreads or put spreads will be in-the-money in the future is low. Conversely, when the call spreads or put spreads
are in-the-money, the firm has incentives to decrease earnings’ volatility to preserve the value of its tax asset by
investing in low-risk projects and by scaling up its financial and operational hedges. Risk taking allows firms to

actively manage and to maximize the market value of their tax assets.

The extent to which tax systems incentivize firms to invest in risky projects and affect the amount of risk-taking
has been investigated both theoretically and empirically. The literature argues that tax provisions decrease the
cost of tax asymmetry and induce firms to increase their overall risk-taking by shifting a portion of investment risk
to the government. There are two issues with this argument. First, from a theoretical standpoint, tax provisions
do not linearize the tax function and leave its convexity unchanged. They merely translate the convexity “kink”
to the left (right) when the carryback (carryforward) reserve is positive, respectively. The firm’s expected tax
liability remains negatively affected by an increase in earnings’ volatility. As a result, tax provisions should not
incentivize firms to increase their overall risk-taking. Second, from an econometric standpoint, the literature
assumes a causal relationship running from tax loss rules to investment decisions (both level and risk). In contrast,
tax asymmetry reverses the causality and suggests a relationship running from investment to tax assets. Firms
holding tax assets with a low market value relative to their book values, have incentives to increase risk-taking by
investing in risky projects. Conversely, firms holding tax assets with a high market value may be incentivized to
decrease risk-taking. The agency cost of tax asymmetry creates an endogeneity problem in the empirical work

that looks at the relationship between tax loss rules and investment.®

A fourth contribution of the paper is to suggest a novel approach to estimate transition probabilities, defined as
the probability that a firm’s tax status will change in the future, from a non-taxable to a taxable status or vice-
versa. Transition matrices are typically used in the literature to estimate unconditional transition probabilities

from historical data. This approach suffers from three weaknesses which have been discussed in the literature.?

13 An additional benefit is to increase the market value of equity at the expense of creditors. This raises interesting issues
about interaction effects between the agency costs of debt and the agency costs of tax asymmetry. The bonds held by the
firm on both side of its balance sheet are driven by the firm’s earnings generating process.

1 This challenges the traditional argument that hedging decreases the firm’s expected tax liability by reducing earnings’
volatility.

15 The endogeneity issue has been discussed in the literature but the role of earnings’ volatility has not been highlighted.

16 See for example Auerbach and Poterba (1987) and Altshuler and Auerbach (1990).

17 See Shevlin (1990).



First, it assumes that firms face identical, time-invariant, exogenous probabilities of switching from one tax status
to another one. Second, it generates average rather than firm-specific transition probabilities. Third, it captures
the effect of tax laws during the sample period used to estimate the probabilities which make them sensitive to a
change in the tax system. In contrast, the derivatives framework generates firm-specific conditional transition
probabilities which can be either estimated in closed-form or by simulation and do not require any other
information than the firm’s current earnings, current carryforward or carryback reserve and the parameters
governing the earnings’ process. The conditional transition probabilities exploit information contained in the
distance between earnings and the present value of the carryforward reserve or the carryback reserve (all
observable at the start of the period) scaled by earnings’ volatility. The scaled distance (analogous to the distance-
to-default in credit risk models) replaces the simple dummy variable (tax status at the start of the period) used in
the literature to estimate transition probabilities. The conditional probability that a non-taxable firm endowed
with a carryforward reserve becomes taxable one-period later is given by the probability that the call spread will
be exercised. Likewise, the conditional probability that a taxable firm endowed with a carryback reserve becomes
non-taxable one-period later is given by the probability that the put spread will be exercised. An assumption about
the process followed by earnings, such as an arithmetic Brownian motion allows the scaled distance to be mapped
into a probability. Alternatively, historical data and a frequentist approach (a la KMV can be used to transform
the scaled distance into an (empirical) probability distribution. Both approaches are complementary, and the
latter (frequentist) can be used to gauge the appropriateness of the distributional assumption (i.e., a Normal

distribution) made by the former (parametric) approach.

The last contribution of the paper relates to marginal tax rates. They play a key role in financial economics but are
difficult to estimate without an algorithmic approach. The challenge is to capture earnings volatility and the
dynamic features of the tax code.’® The benefit of the derivatives’ framework is to shed light on the determinants
of the marginal tax rates by imposing a parametric model onto the algorithmic approach. Marginal tax rates are
expressed as the present value of an incremental dollar of expected tax loss (when the carryforward reserve is
positive), or of an incremental dollar of expected tax refund (when the carryback reserve is positive), with the
expectation calculated using the conditional transition probabilities. They require the same distributional

assumption about the earnings generating process as their algorithmic counterparts.

The paper’s findings have important implications for the empirical work that involves tax assets. Consider the
econometric work that investigates the ability of tax assets to reduce taxes. The unavailability of market values

force researchers to use the book value of tax assets as proxies for market values, resulting in upward-biased

18 See Shevlin (1990) and Graham (1996a).



estimates of tax benefits. More generally, the paper sheds light on the econometric issues that arise from the
failure to account for earnings’ risk and refundability risk in the empirical work that involves tax assets.

Substituting the market value for the book value of the tax asset alleviates some of the econometric concerns.

The paper is organized as follows. Section 2 introduces the derivatives’ framework. Sections 3 and 4 show how to
value the carryforward and carryback tax assets, respectively. Section 5 focuses on the intertemporal and
substitution effects arising between the two tax assets. Section 6 discusses empirical implications and Section 7
concludes. Constraints imposed by tax systems on the carryforward and the carryback provisions and estimation

issues are left to the appendices.
2.0 Preliminary: The Case of No Tax Provision

The paper assumes that the firm has no tax shields, no investment tax credit, no foreign tax credits, and there is
no uncertainty in the statutory corporate tax rate T in the future.’® The firm’s earnings before interest, tax,
depreciation, and amortization at time t are denoted by E(t). The stochastic process followed by earnings must
be flexible enough to accommodate negative earnings. An arithmetic Brownian motion (ABM) is assumed
throughout the paper. The two parameters governing the earnings’ process are the drift term u and the (dollar)

volatility term g, assumed constant without loss of generality.
2.1 The Case of Tax Symmetry

Consider the tax symmetry case used as benchmark for the more complex tax asymmetry cases examined below.
Tax losses face a negative tax levied at the same rate as tax on profits. The firm’s (expected) tax liability at time t,

denoted by T; (t), is given by:
To(t) = E(t) X T,
The tax liability function is linear and the firm’s marginal tax rate defined as the derivative of the tax function
with respect to earnings, denoted by MTR,(t), is equal to T.

2.2 The Case of Tax Asymmetry

Tax symmetry does not hold in practice as tax systems treat positive and negative income in an asymmetric
manner. Under tax asymmetry, absent tax shields and other tax provisions for firms with negative earnings, the

firm’s taxable income at time t, denoted by T1,(t), is given by:

19 Tax shields are introduced in a companion paper.



TI,(t) = MAX[0,E(t)] = C(0,t)

where C(x, t) denotes a call option with a strike price equal to x and maturity t written on earnings. Multiplying
T1,(t) by the statutory tax rate gives the firm’s expected tax liability at time t. It is denoted by T, (t) and is given
by:

T,(t) =TI, (t) X Tc = C(0,t) X T = [E(t) + P(0,t)] X Tp = Ty (t) + P(0,t) X T¢

with T, (t) < T,(t), and where P(x,t) denotes a put option with a strike price equal to x and maturity t.° Only
positive earnings are taxed. The tax function has a kink at 0 and its convexity depends on the statutory tax rate,
the firm’s earnings process and the maturity of the put option. The firm’s (expected) marginal tax rate at time ¢,

denoted by MTR,(t), is given by:
MTR,(t) = A[C(0,8)] X T,

with 0 < MTR,(t) < MTR},(t) = T¢, and where A[C (0, t)] denotes the derivative of the call C(0, t) with respect
to earnings, with 0 < A[C(0, t)] < 1.0.2! The marginal tax rate increases with earnings, and is bounded below by

0 and above by T¢.

The firm’s expected tax liability in the symmetric and asymmetric cases differ by the before-tax amount P(0,t).
The put option, which captures the annual cost of tax asymmetry, is exercised by the government against the firm
in negative earnings states caused either by adverse systematic or firms’ specific shocks. This has three
implications. First, tax asymmetry discriminates cross-sectionally against risky firms, such as new, small,
undiversified firms, and stand-alone projects given the positive relationship between the option premium and
volatility.?2 Second, the expected tax liability function is convex given the positive gamma of a long option contract
(but decreases with volatility) and its convexity increases with the statutory tax rate. The convexity of the tax
function leads to risk-averse behavior and incentivizes firms to underinvest in risky projects. Third, the put
premium and the cost of tax asymmetry vary over time. They increase in bad economic conditions at times of

high uncertainty and low liquidity, thereby incentivizing firms to hedge.

20 This holds true from the put-call parity relationship for European-style option which states that at time t E(t) + P(x,t) =
C(x,t) + x.

21 More generally, Ayrz(x, t) denotes the derivative (delta) of an option with strike price x and maturity t with respect to y,
where z indicates whether the option is a call or a put option.

22 These effects are likely to be even more pronounced today than in the past given the empirical evidence suggesting that
cash flow risk has increased over time. Average industry cash flow risk more than doubled from 7.0% in the 1980s to 15.9%
in the 2000s. See Bates et al. (2009).



The cost of tax asymmetry faced by a firm (modelled as a going concern) is given by the market value of a perpetual

floating-rate coupon-paying bond granted by the firm to the government. It is denoted by M (0) with:

M(0) = Z P0,) X T
t=1

The bond M(0) is used as a benchmark to assess the effectiveness of tax provisions at decreasing the cost of tax

asymmetry.?
3.0 The Unconstrained Standalone Carryforward Provision

The carryforward provision allows firms to carry tax losses forward in time to offset future tax payments. The
section shows that the carryforward provision endows firms with a portfolio of path-dependent derivatives
contracts that mitigates the cost of tax asymmetry. The mitigation is not perfect because of refundability risk (and
time value of money). The section describes the characteristics of the contracts under the assumption that there
are no constraints imposed either on the length of the carryforward period or on the taxable income that can be
sheltered by carryforwards. This is referred to as the unconstrained standalone carryforward provision. The

impact of constraints is discussed in the Appendix A.2.%

3.1 The Book Value of The Tax Asset

Consider time t — 1, and denote by B (t — 1) the sum of tax losses carried forward by the firm into tax year t —
1, referred to as the book value of the tax asset (or carryforward reserve).”> Appendix A.1 shows that the book

value Bg(t — 1) is a risky asset which can be expressed analytically as a put option on E(t — 1):

Bp(t—1) =P(Bp(t—2),t—1)

where P(Bp(t — 2),t — 1) denotes a path-dependent put option with a time-varying strike price equal to
Bg(t — 2) and maturity t — 1. Tax losses (profits) increase (decrease) the strike price and increase (decrease) the

book value of the tax asset, respectively. The put option captures the uncertainty in the future (earnings’-driven)

2 The time lag between time t and the actual tax payment/refund is ighored. In addition, the model assumes that the firm’s
first tax liability occurs at time 1.

2 In the U.S., the Tax Cuts and Jobs Act of 2017 (TCJA) eliminated the carryback provision and allowed tax losses to be carried
forward indefinitely with a tax loss carryforward provision limited to 80% of taxable income.

B tis referred to as NOLs or TLCFs in the literature.
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tax losses and models the dynamics of the carryforward reserve. The latter is initialized at the current Br(0)

assumed to be observable throughout the paper.

Consider the two scenarios prevailing at time t — 1 on the option’s expiry date. When E(t — 1) > Bg(t — 2), the
firm let the put expire worthless. The put’s payoff Br(t — 1) is equal to zero and the carryforward reserve is fully
depleted. Else, when E(t — 1) < Br(t — 2), the firm exercises the put option. The carryforward reserve increases
or decreases depending on whether E(t — 1) is negative or positive, respectively. Unlike a plain vanilla contract,
the exercise of the put option at time t — 1 does not generate the terminal payoff Bz (t — 1). Rather, its exercise
grants the firm a risky asset with a payoff at time t capped at Bg(t — 1).%° The put option is a compound option

whose characteristics are discussed below.
3.2 The (Before-Tax) Market Value of The Tax Asset: A One-Period Model

Attimet — 1, the tax asset Bp(t — 1) is worthless unless it generates tax credits in the future. The likelihood that
the firm will recover past tax losses depends on the firm’s earnings generating process and the book value of the
tax asset Br(t — 1). Assume momentarily that tax losses can be carried forward for one year only until time t,
referred to as the one-period model. Appendix A.1.1 shows that, conditional on exercising the put option at time
t — 1, the firm is granted a one-year derivative contract expiring at time t, denoted by M(t — 1,t) and referred

to as the (before-tax) market value of the tax asset, with the following characteristics:
Mp(t—1,8) = C(0,t) — C(Bp(t — 1),1)

The contract is a path-dependent call spread on earnings maturing at time t, composed of a long call option with
a strike price equal to 0 and a short call option with a time-varying strike price equal to Bg(t — 1). The derivative’s
payoff at time t is floored at 0 when both options expire worthless and is capped at Br(t — 1) when they expire
in-the-money. In the one-period model, scaling Mp(t — 1,t) by B(t — 1) and multiplying by T, gives the market

value at time t — 1 of an expected dollars’ worth of tax credit to be received at time t.?’

The contract displays two noticeable characteristics. First, conditional on the put option being exercised at time

t — 1, both the book value Br(t — 1) and the market value Mp(t — 1,t) of the tax asset are positive. A special

%6 The book value of the tax asset is capped. The cap is given by the sum of all the tax losses generated by the firm until time
t—1, Bgp(t—1) < YI=L"1P(0,1), i.e., the sum of all the tax refunds the firm would have received under tax symmetry. The
cap is binding when the firm experienced tax losses in every single year between time 0 and time t — 1.

27 Favilukis, Giammarino and Pizarro (2015) argue that, with a large enough carryforward reserve, a firm will pay no taxes and
the riskiness (beta) of its after-tax cash flows is equal to the riskiness of the pre-tax cash flows. The argument ignores the risk
of the tax asset. The beta of an out-of-the-money call option increases with the strike price (the book value of the tax asset).
The market value of the tax asset has a high beta when the book value is high and the option is out-of-the-money.
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case obtains when the firm does not exercise the put option in which case the firm holds no tax asset and
Br(t —1) = Mp(t — 1,t) = 0. Second, the market value of the tax asset at time t — 1 is bounded above by its

book value:
Mp(t—1,t) <Bg(t—1)

The difference between the market value and the book value captures refundability risk, the risk that earnings

will not materialize at time t.

To shed light on the relationship between the market value and the book value of the tax asset, assume for the
sake of simplicity that earnings follow a risk-neutral ABM. Under these assumptions, the market value of the tax

asset Mp(t — 1,t) attime t — 1 is given by:?®
Mp(t—1,t) = [E(t = 1) X [N(d) — N(dp)] + [PV X Bp(t — 1) X N(dp)] + v X [n(d) — n(dp)]]

with dp = [E(t —1) — PV X Bp(t — 1)]/v, d= E(t — 1) /v, and where N(-) and n(-) denote the cumulative
and the probability density function of the standard normal distribution, respectively. At time t, the derivative’s
payoff is bounded below by 0 and above by Br(t — 1). At time t — 1, the probability that the firm will exercise
the call spread and receive the full tax credit Bg(t — 1) X T, at time t depends on the distance between E(t — 1)
and the present value of Bp(t — 1) scaled by earnings’ volatility.?® The market value is close to the book value of
the tax asset for high positive values of dr when the call spread is deep-in-the-money. Conversely, its market value
is low relative to its book value for negative values of d when the call spread is deep-out-of-the-money. Figures

1.1-1.3 illustrate the sensitivity of Mp(t — 1,t) to Br(t — 1), v and Rp.

28 See Bachelier (1900), Smith (1976), Haug (2007), Brooks and Brooks (2016), Thomson (2016), Terakado (2019), among
others. Smith’s (1976) formula assumes no drift (consistently with the assumption of zero growth in Bachelier’s (1900) model).
In a risk-neutral world, the value of a one-year call on earnings with a strike price equal to Bg(t — 1) is given by:
[E(t —1) — PV X Be(t — 1))] X N(dp) + v X n(dp), with dr = [E(t —1) — PV X Bp(t — 1)]/v, PV = e ®F and v =
o X \/(1 — e 2XRF) /(2 X Rr), where Rp is the continuously compounded risk-free rate. This formula is derived under the
assumption that, under the risk-neutral measure, earnings follow a Brownian motion given by the following SDE: dE(t) =
RpE(t)dt + adW (t), where dW (t) is a standard Brownian motion. See Musiela and Rutkowski (2005) for the derivation. A
drift can be introduced by assuming the forward process dF (t) = odW (t) with F(t,T) = E(t) x e**T~8 where u is the
drift term. Under this assumption, the value of a one-year call on earnings is given by PV X [(E(t —1) x et —Bp(t — 1)) X
N(dg) + o % n(dF)] with dp = [E(t — 1) X e* — Bp(t — 1)]/0. It assumes that earnings follow the process: dE(t) =
UE(t)dt + ae **T-O4qW (t) (obtained from the forward process using Ito’s Lemma).

2 This is analogous to the calculation of the default probability in credit-risk models. A firm’s default probability depends on
the distance between its assets and its liabilities (the option’s strike price) scaled by its asset volatility. The default probability
increases with a decrease in the scaled distance. In the present case, the probability that the firm will lose its tax asset in
whole or in part depends on the scaled distance between earnings and the book value of the tax asset. The latter plays the
same role as the face value of liabilities in credit-risk models.
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At time 0, the current market value of the tax asset, M;(0,1) depends on the current and observable earnings
E(0) and the carryforward reserve Br(0). It has a simple analytical solution given by the formula above. Else,
when t > 0, the path-dependent derivative contract Mp(t — 1,t) can be valued by simulation. The simulation
approach discussed in Appendix A.3 makes the same distributional assumption as the simulation used to calculate
the marginal tax rate in the tax literature and requires the estimation of the same two parameters, i.e., earning’s

drift and earnings’ volatility.
3.3 The (After-Tax) Market Value of the Tax Asset and the Cost of Tax Asymmetry

The carryforward provision allows the firm to decrease its tax liability and receive a tax credit in taxable states
that depends on prior tax losses realized in non-taxable states. The derivative contract is a “put-on-a-call”
compound option on earnings. Conditional on exercising the put option at time t — 1, the firm is endowed with a
one-year call spread maturing at time t with a final payoff capped at the book value Br(t — 1) and worth
Mg(t —1,t) at time t — 1. The one-period model extends to multiple periods. The government grants a call
spread once a year to the firm. The contract has a positive value when the put option is exercised at time t — 1
and is worthless otherwise. Summing the call spreads and multiplying by the statutory tax rate gives the (after-

tax) market value of the tax asset at time 0. It is denoted My (0) with:

oo

M, (0) = Z Mp(t —1,6) X T, = 2[0(0, £) = CBp(t — 1), )] X T, = 0
t=1

t=1

The tax asset is a perpetual coupon-paying bond paying an annual floating-rate coupon equal to Mp(t — 1,t) X T¢
at time t. The first coupon received by the firm at time 1 depends on the (observable) carryforward reserve B (0)
and the realized earnings at time 1. The carryforward reserve is updated by forward induction using the dynamic
process Bp(t — 1) = P(Bg(t — 2),t — 1).3° The market value of the bond My (0) is positive unless Bp(t) = 0 for
all t, i.e., in the hypothetical case that the firm is never profitable. Example 1 in Appendix A.1.1 illustrates the

process.

The market value of the tax asset is bounded above by M(0), the sum of the tax refunds the firm would receive

in the tax symmetry case:

30 Using the derivatives’ jargon, the firm is endowed with a portfolio of forward-start options with a maturity of one year.
Forward start options are usually designed to be at-the-money when activated, i.e., to have a strike price equal to the price
of the underlying asset on the activation date. In the present case, the forward start option is activated at time t — 1 when
the firm incurs a tax loss and exercises the put option. The activation grants the firm a call spread composed of a short call
whose strike price is equal to the book value of the tax asset on the activation date.
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[oe]

Mz(0) = Z Mp(t—1,t) X T, = Z[PV X [Bp(t — 1)] + [P(0,t) — P(Be(t — 1), D)]] x T < Z P(0,t) x T, = M(0)

t=1 t=1 t=1

where, for comparative purposes, the put-call parity is used to transform the call spread into a put spread. The

(net) cost of tax asymmetry is given by the difference between the market value of the two bonds:

oo

M(0) — Mz(0) = Z[—E(t) + CBp(t—1), )] X T, = Z[P(Bp(t —1),t) = PV x [Bp(t — 1)]| x T,

t=1 t=1

The cost involves a portfolio of option contracts which increases in value with volatility. This suggests that the
carryforward provision does not eliminate the firms’ incentives to underinvest in risky projects and still
discriminates firms with volatile earnings.?! In the best-case scenario, when P(Br(t — 1),t) expires worthless at
time ¢, i.e., for high earnings values, the carryforward provision allows the firm to recover its past losses Br(t — 1)
at time t, albeit with a time lag. Else, the difference in the two floating-rate coupons, equal to —E(t) X T, takes
either positive or negative values. The bond M (0) pays a higher (lower) coupon than M(0) when earnings are
positive (negative), respectively. Refundability risk and time value of money explain the difference between the
two market values. The relative difference Mz (0)/M(0) measures the efficiency of the carryforward provision at
decreasing the cost of tax asymmetry. The relative cost isimmune to a change in the future statutory tax rate but

is affected by possible changes in the carryforward tax provision.
3.4 Book Value Versus Market Value: Implications for Tax Exhaustion and Transition Probabilities

The derivatives framework provides key insights on the difference between the book value and the market value

of the tax asset and on tax transition probabilities.

Suppose the firm experiences a loss at time t — 1 and is granted a tax asset with a market value equal to
Mg(t — 1,t). The latter depends on two offsetting effects, a cash-flow effect, and a probability effect. The market
value of the tax asset Mp(t — 1,t) increases with the book value Br(t — 1).3? The positive cash-flow effect is
offset by an adverse probability effect. The higher is the book value B (t — 1) and the lower is the likelihood that

the short call will be exercised at time t. As tax losses accumulate, the strike price increases and future earnings

31 The ability of tax loss rules at incentivizing firms to increase their overall risk-taking has been subject to both theoretical
and empirical work. The result above formalizes Green and Talmor’s (1985) argument that tax provisions increase the strike
price of the option held by the government but do not alter the basic structure of its claim on the firm. The cost of tax
asymmetry remains an increasing function of earnings’ volatility unless the option is either deep in- or out-of-the money. This
suggests that empirical tests that look at the impact of tax provisions on investment must control for the moneyness of the
option and for earnings’ volatility. Econometric implications are discussed in Section 6.3.

32 The strike price of the short call option is the book value of the tax asset. An increase in the strike price decreases the call’s
value and increases the value of the call spread.
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must be increasingly higher for the call spread to expire in-the-money and for the carryforward reserve to be fully
depleted in the future. “Crowding-out” effects decrease the marginal value of an additional dollar of tax loss and
decreases the present value of the future tax credits to be received by the firm. Figure 1.4 illustrates the concave

relationship between Mp(t — 1,t) and B(t — 1) for different levels of earnings’ volatility.

Consider the implications for tax exhausted firms which bear the highest cost of tax asymmetry. First, compare a
non-taxable to a taxable firm at time t — 1. The non-taxable firm becomes taxable at time t when the call spread
expires in-the-money, i.e., when E(t) > Bg(t — 1). In contrast, the taxable firm remains taxable when E(t) > 0.
At time t, the non-taxable firm has a lower probability of being taxable than the latter because of the higher strike
price of the short call. Second, the probability of being taxable at time t conditional on being non-taxable at time
t — 1 decreases with an increase in the carryforward reserve Bi(t — 1). The conditional probability varies over
time and depends on the state of the economy, i.e., decreases (increases) in recessions (expansions) when firms

experience negative (positive) earnings’ shocks, respectively.

Surprisingly, earnings’ volatility has received little attention in the literature on transition probabilities. The
derivatives framework sheds light on the impact of earnings’ volatility on the likelihood that a non-taxable firm
at time t — 1 will become taxable at time t. The firm’s tax status changes when the one-year call C(Br(t — 1),t)
is exercised at time t which requires E(t) to be above Br(t — 1). Under the assumption that earnings follow a
risk-neutral ABM, the conditional probability that a non-taxable firm endowed with the carryforward reserve

Br(t — 1) attime t — 1 becomes taxable at time t, denoted by pr(t — 1, t), is given by:

E(t—1)— PV X Bp(t — 1)>
v

pF(t_l't) =N(dF) =N(

The call spread is out-of-the-money when dj is negative. An increase in v decreases dg, increases pp(t — 1,t),
and increases the likelihood that the firm will be taxable at time t. Figures 1.5 illustrates the sensitivity of
pr(t —1,t) to earnings and the carryfoward reserve for two different estimates of volatility.® Regarding
estimation issues, the (spot) conditional probability pr(0,1) has an analytical solution. The (forward) conditional
probability pp(t —1,t) can be estimated by simulation (See Appendix A.3.). This implies that tax status

persistence can be estimated from the spot and forward conditional transition probabilities.3*

3 Volatility affects the probability through a second channel. The strike price Br(t — 1) is a put option. As a result, an increase
in v which increases B (t — 1) increases pg(t — 1,t). This effect is irrelevant at time t — 1 when Bg(t — 1) is known with
certainty.

34 For example, a non-taxable firm at time 0 endowed with the carryforward reserve B (0) has a conditional probability of
being taxable at time 2 equal to (1 — pF(O,l)) X pr(1,2).
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3.5 Earnings’ Volatility: Implications for Risk Shifting and Incentives

The carryforward provision grants the firm a risky bond. A unique characteristic of the bond is to pay a floating-
rate coupon at time t that depends on the book value of the tax asset at time t — 1 and the firms’ realized earnings
at time t. The firm is long a risky bond subject to its own earnings’ risk. The shareholders versus bondholders’
literature argues that shareholders have incentives to invest in risky projects to expropriate bondholders’ wealth.
Similar incentives arise in the present case. Risk-shifting at time t — 1 allows the firm to increase the market value

of its tax asset at the expense of the government (and possibly other creditors).

Consider the impact of earnings volatility on the bond value. The floating-rate coupon to be received at time t
Mg(t —1,t) is a call spread with a maturity of one year. Generally, the impact of volatility on a call spread is
indeterminate (See Figure 1.2 as an illustration). It is positive (negative) when the call spread is out-(in-)-the
money, respectively. At time t — 1, the impact of volatility is small when the call spread is either deep out-of-the-
money or deep in-the-money, i.e., for low and high earnings values, respectively. When earnings are negative, the
short call option is out-of-the-money and the call spread behaves like a long call option with a strike price of 0.
The market value of the tax asset is low relative to its book value and increases with earning’s volatility. As earnings
increase, the long call option moves increasingly in-the-money, and the sensitivity of the call spread to a change
in volatility is driven by the short call option. An increase in earnings’ volatility decreases the market value of the
tax asset. The sensitivity of the call spread to volatility changes is ambiguous, i.e., is positive (negative) when

earnings are low (high), respectively.

Consider the implications for investing, financing, and hedging. A firm holding a tax asset with a high book value
relative to its current earnings holds an out-of-the-money call spread. The firm has incentives to increase the
market value of the tax asset by increasing earnings’ volatility. Doing so increases the likelihood that E (t) will be
higher than Bi(t — 1) at time t. The management of tax assets (tax planning) incentivizes the firm to invest in
risky projects, to reduce its cash holdings (if any) and to scale back financial and operational hedges that reduce
"right-tail" outcomes. Conversely, a firm endowed with an in-the-money call spread has the opposite incentives,
i.e., to decrease earnings’ volatility by investing in low-risk projects, by increasing its cash holdings, and by scaling

up its hedging activities to preserve the market value of its tax asset.?®

35 |In addition, when the assumption of an unconstrained carryforward provision is relaxed, possible caps imposed on the
length of the carryforward period are likely to trigger “deadline effects,” which exacerbate the firm’s incentives to actively
manage the value of its tax assets.
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The discrepancy between the market and the book value of the tax asset generates agency problems and agency
costs between the firm and the government. These costs have important implications for the theoretical and the
empirical work that looks at the relationships between taxes, investment decisions, financing decisions, and
hedging decisions. First, regarding investment decisions, the literature on the effects of tax asymmetry on firms’
investment incentives assumes a causal relationship running from taxes to investments. It argues that tax
provisions allow firms to shift part of the investment risk to the government and incentivize firms to increase their
overall risk-taking. In contrast, the agency costs of tax asymmetry suggest a causal relationship running from
investments to taxes. Firms increase investment risk to increase the market value of their tax assets when holding
out-of-the-money call spreads. Second, regarding financing decisions, the literature on the agency costs of debt
argues that investments in high-risk projects benefit shareholders at the expense of creditors. In contrast, the
agency costs of tax asymmetry suggest that firms may have incentives to invest in low-risk projects to preserve
the market value of their tax assets (possibly by holding more cash) when holding in-the-money-call spreads.®® As
an implication, the firms’ shareholders benefit from wealth transfers from the government but lose from wealth
transfers to creditors.3” The bonds issued by the firm to the creditors and the bond granted by the government to
the firm are driven by the same underlying factor, i.e., the firm’s earnings. This argues in favor of a balance sheet
approach that captures the joint interaction effects between the market value of the firms’ liabilities (net of cash)
and the market value of firms’ tax assets. Third, regarding hedging decisions, the literature argues that the
convexity of the tax function incentivizes firms to hedge to decrease their expected tax liabilities. In contrast, the
agency costs of tax asymmetry suggest that firms may have incentives to scale back hedging to increase the market
value of tax assets when holding out-of-the-money call spreads. This argues in favor of dynamic hedging strategies
where firms adjust the amount of hedging as a function of the difference between the market value and the book

value of tax assets.
3.6 The Firm’s Expected Tax Liability

Assume the firm incurs a tax loss and is granted the tax asset Mz (t — 1,t) at time t — 1. Denote by Tx(t — 1,t)
and Ty (t — 1, t) the firm’s expected tax liability at time t under tax asymmetry with and without the carryforward
provision, respectively. The tax functions differ by an amount equal to the market value of the tax asset times the

statutory tax rate:

36 One example of tax planning discussed by Shevlin (2001) is for a firm to issue equity and to invest the proceeds in fully
taxable bonds.

37 Green and Talmor (1985) p. 1104 argued that the “benefits associated with making the tax shields safer flow through
debtholders.” However, incentives are aligned when the market value of the tax asset is low relative to its book value.
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Tr(t—1,t) =To(t—1,t) —Mp(t —1,t) X Tc = C(Bp(t — 1),t) X T < C(0,t) X T,

with Tp(t — 1,t) < To(t — 1,t). The firm’s expected tax liability is a call option with a time-varying strike price
equal to Br(t — 1). The carryforward provision leaves the option-like structure of the firm’s expected tax liability
intact. The kink in the tax function moves from 0 without the carryforward provision to a positive value given by
the time-varying strike price Bp(t — 1). Earning’s volatility increases the firm’s expected tax liability (but
decreases its convexity). The tax function becomes linear with a slope equal to 0 only in two hypothetical cases,
i.e., either when B(t — 1), or when g, goes to infinity. Under the assumption of a risk-neutral ABM, the firm’s

expected tax liability is given by:

Te(t—1,8) = C(Bp(t — 1),6) X T = [[E(t = 1) — PV X Bp(t — 1)] X N(dg) + v X n(dp)| X T¢

Figures 1.6 illustrates the sensitivity of Tp(t — 1,t) to Bg(t — 1) and v. Finally, the expected cost of tax
asymmetry is given by the difference between Tr(t — 1,t) and the linear tax function obtained in the tax

symmetry case T, (t):

Te(t—1,t) =Tt —1) = [C(Bp(t —1),t) —E(t = 1)] X Te = [P(Bp(t — 1),t) — PV X Bp(t —1)] X T,

The cost of tax asymmetry in the no carryforward case obtains as a special case by setting Br(t — 1) equalto O in
the equation above. This shows that the carryforward provision decreases the cost of tax asymmetry by an amount

equal to Mp(t — 1,t).
3.7 The Firm’s Marginal Tax Rate

The literature has suggested many proxies for the true but unobservable marginal tax rate defined as the change
in the present value of the expected cash flow paid to (or recovered from) the government generated by one extra
dollar of taxable earnings in the current tax period. Simple proxies include the statutory proxy, the NOL proxy,
dichotomous variables based on the sign of taxable income or net operating loss carryforward status, and

trichotomous variables based on both the sign of taxable income and carryforward status, among others.3 These

38 The statutory proxy is equal to Tc when current taxable income is positive and is equal to zero otherwise. This proxy
assumes that firms pay tax at T, if they have current taxable income; otherwise, they pay no tax in the present or future and
the tax rate is zero. The NOL proxy uses T when the current taxable income is positive and the carryforward reserve is 0,
and zero otherwise. The trichotomous proxy of Shevlin (1990) uses T, when the NOL dummy is the statutory rate and zero
when there are losses together with current negative income. However, when either current income is positive and there are
losses or vice versa, the dummy is set equal to T /2. Manzon’s (1994) proxy estimates the number of years it would take the
firm to exhaust its carryforward reserve and uses that value to discount the tax rate.
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simple proxies suffer from two deficiencies. First, they are single-period measures which fail to account for the
long-term effects of carryback and carryforward rules in calculating taxable income.3® Marginal tax rates depend
on the firm’s taxable income in prior and future years and require the sample path followed by earnings over long
time periods. Second, the proxies are deterministic and fail to capture earnings’ uncertainty and refundability
risk. Their low power at predicting the “perfect foresight” marginal tax rate has been documented in the literature.
Not surprisingly, the stochastic simulation-based marginal tax rates that capture earnings uncertainty and the
time effects of tax provisions display improved forecasting abilities.*® They dominate any other proxy but require

earnings to be simulated over long time periods which makes them challenging to calculate.

The benefit of the derivatives’ framework is to shed light on the determinants of the marginal tax rate by imposing
a parametric model onto the simulation. Assume that the observable carryforward reserve Br(0) is positive at
time 0. Consider as a benchmark a simple one-period proxy for the marginal tax rate, such as the NOL dummy,
equal to 0 when the carryforward reserve is positive and equal to the statutory tax rate T, otherwise. Given the
positive carryforward reserve, the firm is currently non-taxable and both the firm’s taxable income and the
NOL dummy are equal to 0. The NOL proxy under-estimates the firm’s marginal tax rate by failing to account for
the option value, i.e., the right granted to the firm to use B (0) to offset taxable profits in the future. The NOL
dummy gives a lower bound on the firm’s marginal tax rate. At the other end of the spectrum, an upper bound
can be obtained by assuming that the firm will be taxable with certainty at time 1. In this case, the $1.0 decrease
in Br(0) associated with the $1.0 increase in E(0) increases the firm’s tax liability by $1.0 at time 1 and gives a
marginal tax rate equal to PV X T, where PV is the present value of $1.0 to be received at time 1. However, this
proxy over-estimates the marginal tax rate by failing to account for earnings’ uncertainty. The firm’s true but

unobservable marginal tax rate is in-between the lower and the upper bound given by 0 and PV X T¢, respectively.

The usefulness of the derivatives framework is to adjust for earnings’ uncertainty and to yield an estimate between
these two bounds. Define by t, the time when the firm switches from a non-taxable to a taxable status and
assume momentarily that t is known with certainty. As discussed in Section 3.4, this happens when the firm
exercises the call option C(Bg(t — 1), t) attime t which requires E (t) to be above Bi(t — 1). Consider the impact

of a $1.0 increase in E(0) and the resulting $1.0 decrease in Br(0) on the firm’s future tax liability at time t. The

39 See discussion in Shevlin (1990).

40 Graham (1996b) investigates the ability of various proxies to predict the “perfect foresight” marginal tax rate and finds that
a carryforward dummy and more complex proxies have a low predictive power (lower than the statutory tax rate). Graham'’s
(1996a) simulation-based proxy which captures both the dynamic effects of the tax code and earnings’ uncertainty displays
the best predictive power.
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$1.0 decrease in B;(0) at time 0 implies that the taxable firm will forego an incremental $(1 X T;) worth of tax
credit at time t. Appendix A.4 shows that the present value at time 0 of the expected tax loss at time t generated

by a $1.0 increase in E(0) at time 0, denoted by MTR(0, t), is given by:

MTRE(0,t) = xXT¢

=t
PV x (1_[ N(—dp(t — 2))) x N(dp(z — 1))
=1

with N(—dF(—l)) set equal to 1.0 and where PV is a present value term that discounts back the expected tax
loss from time t to time 0. In the formula above, the product term captures the probability that the firm remains
non-taxable from time 0 until time t — 1 and the last term measures the probability that the firm switches from a
non-taxable status at time t — 1 to a taxable status at time t.** However, time t is unknown ex-ante. This issue
can be resolved by simulation which entails generating the earnings’ sample path s and recording the time ¢,
when the firm becomes taxable for the first time on sample path s. It is defined as the time when the call
C(Bp(t —1,s),t) isexercised, where B (t — 1, s) denotes the carryforward reserve at time t — 1 on sample-path
s. Replacing time t by time ¢, in the above formula gives a single estimate of the marginal tax rate at time 0. The
generation of S simulated samples paths yields S estimates. The final step entails calculating the marginal tax rate

at time 0, denoted by MTR;(0), as the arithmetic average of the S estimates MTR(0, t):
1 s=S
MTR(0) = < Z MTR;(0,t,)
s=1

This approach requires the same distributional assumption and the same inputs as those estimated in the

literature with a plain algorithmic approach.*?
4. The Unconstrained Standalone Carryback Provision

From a valuation perspective, carrybacks and carryforwards are symmetrical tax provisions. The benefit of the
carryback provision is to offset in whole or in part the negative impact of a tax loss by a tax refund. Like the
carryforward provision, the carryback provision endows the firm with a portfolio of path-dependent derivative

contracts that mitigate the cost of tax asymmetry. In this section, the firm is assumed to be able to claim back

41 Assume for example that tax losses can be carried forward for one year only. In this case, MTR;(0,1) has an analytical
solution given by PV X N(dF(O)) X Te = PV X pp(0,1) X T¢. It is bounded below by 0 and above by PV X Tg.

42 The “parametric” approach is computationally less demanding as it does not require earnings to be “bumped-up” by $1.0.
They also differ with respect to the discount rate. In the literature, the marginal tax rates are obtained by discounting the tax
cash-flows at the cost of debt, assumed to be constant for all the firms in the sample. In a risk-neutral world, the discount
rate is the risk-free rate.
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taxes without constraints but to be unable to carry tax losses forward. This is referred to as the unconstrained

standalone carryback provision.*

4.1. The Book Value of the Tax Asset

Consider time t — 1 and denote by Bg(t — 1) the sum of the taxable profits generated by the firm prior to time
t — 1, referred to as the book value of the tax asset (or carryback reserve)*. Appendix A.1.2 shows that

Bg(t — 1) is a risky asset which can be expressed analytically as a call option on E(t — 1):

Bg(t—1) =C(—Bg(t—2),t—1)

where C(—Bg(t —2),t — 1) denotes a path-dependent call option with a time-varying strike price equal to
—Bg(t — 2) and maturity t — 1. Taxable profits (losses) increase (decrease) the book value of the tax asset and
decrease (increase) the strike price, respectively. The call option captures the uncertainty in the firm’s future
taxable profits and models the dynamics of the carryback reserve. The latter is initialized at Bz (0) assumed to be

observable throughout the paper.

Consider the call’s payoff at time t — 1 on the option’s expiry date. When E(t — 1) < —Bg(t — 2), the firm let
the call expire worthless. The payoff is equal to 0 and the carryback reserve is fully depleted. Else, when
E(t —1) > —Bg(t — 2), the firm exercises the call option. The carryback reserve increases or decreases
depending on whether E(t — 1) is positive or negative, respectively. Unlike a plain vanilla option contract, the
exercise of the call option at time t — 1 does not generate the terminal payoff Bg(t — 1). Rather, the derivative
contract grants the firm a risky asset with a payoff at time t capped at Bz (t — 1).* Itis a compound option whose

characteristics are discussed below.

4.2 The (Before Tax) Market Value of the Tax Asset: The One-Period Model

43 Firms are assumed to exercise the carryback option optimally. Empirical evidence suggests that this is not the case because
of tax complexity. Zwick (2021) reports evidence showing that only 37% of eligible firms claim their refund. Low take-up holds
even when the potential refunds are large relative to a firm’s operating cash flows.

4 This is referred to as NOL carryback in the literature.

% The book value of the tax asset is capped. The cap is given by the sum of all the taxable profits generated by the firm until
timet—1, Bp(t—1) < YI=471€(0, 7). The cap is binding when the firm experienced taxable profits in every single year
between time 0 and time t — 1.
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Suppose the firm holds a tax asset having a book value equal to Bg(t — 1) at time t — 1. The asset is worthless
unless it generates tax refunds in the future. It is a risky asset subject to refundability risk. Assume momentarily
that losses can be carried back for one year only. Appendix A.1.2 shows that, conditional on exercising the call
option at time t — 1, the firm is granted a one-year derivative contract maturing at time t, denoted by

Mg (t — 1,t) and referred to as the (before-tax) market value of the tax asset, with the following characteristics:

Mg(t—1,t) = P(0,t) — P(—Bg(t — 1),t)

The contract is a path-dependent put spread on earnings with maturity t, composed of a long put option with a
strike price equal to 0 and a short put option with a time-varying strike price equal to —Bg(t — 1). Its payoff at
time t is floored at 0 when the put spread expires out-of-the-money and is capped at Bg(t — 1) when it expires
in-the-money. In the one-period model, scaling Mz (t — 1,t) by Bg(t — 1) and multiplying by T, gives the value

at time t — 1 of an (expected) dollars’ worth of tax refund to be received at time t.

The contract displays two properties. First, conditional on the call being exercised at time t — 1, both the book
value Bz (t — 1) and the market value of the tax asset Mgz (t — 1,t) are positive. A special case obtains when the
firm does not exercise the call option, in which case the firm holds no tax asset and Mz(t — 1,t) = Bg(t — 1) =

0. Second, the market value of the tax asset is bounded above by its book value:
Mg(t —1,t) < Bg(t —1)

The put spread is out-of-the-money for positive earnings and is in-the-money for negative earnings. Under the
assumption that earnings follow a risk-neutral ABM, the value of the put spread granted to the firm attimet — 1

with a one-year maturity is given by:
Mp(t—1,t) = [E(t — 1) X [N(—=dp) — N(=d)] + [PV X Bg(t — 1) x N(=dp)] + v X [n(—d) — n(—dp)]]

with dg = [E(t — 1) + PV X Bg(t — 1)]/v.% At time t, the put spread is bounded below by 0 and above by
Bg(t — 1). Attime t — 1, the probability that the firm will exercise the put spread and receive the full tax refund
Bg(t — 1) X T, at time t depends on the distance between E(t — 1) and the present value of —Bz(t — 1) scaled
by earnings volatility. Figures 2.1-2.3 illustrate the sensitivity of Mg(t — 1,t) to Bpg(t — 1), v and Ry, in a risk-

neutral economy, respectively.

46 The value of the put option is obtained from the value of the call option using the put-call-parity.
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4.3 The (After-Tax) Market Value of the Asset and The Cost of Tax Asymmetry

The carryback provision allows the firm to receive a tax refund in non-taxable states that depends on past taxable
profits. The derivative contract is a “call-on-a-put” compound option on earnings. Conditional on exercising the
call option at time t — 1, the firm is endowed with a put spread maturing at time t with a final payoff capped at
the book value B (t — 1) and worth Mg (t — 1,t) attime t — 1. The derivative contract has a positive value when
the call option is exercised and is worthless otherwise. The one-period model extends to multiple periods.*
Summing the put spreads and multiplying by the statutory tax rate gives the (after-tax) market value of the asset

at time 0. It is denoted by Mg (0) and is worth:

[oe]

My (0) = ZMB(t L) XT, = Z[P(O, £) — P(=Bg(t — 1),)] X T = 0
t=1

t=1

The tax asset is a perpetual coupon-paying bond paying an annual floating-rate coupon equal to Mg(t — 1,t) X T,
at time t. The benefits of the bond for the firm are two-fold. First, it supplies liquidity to firms at times when the
marginal value of cash is high. Second, it works as a hedge against a possible decrease in the market value of the
firms’ operating assets in bad times. The bond’s first coupon earned by the firm at time 1 depends on the realized
earnings at time 1 and the carryback reserve Bz (0). The carryback reserve is updated by forward induction using
the dynamic process Bg(t — 1) = C(—Bg(t — 2),t — 1). The market value of the bond Mg (0) is positive unless
Bg(t) = 0 forall t when the firm is always profitable. The numerical Example 2 in Appendix A.1.2 illustrates the

process.

The future expected tax refunds cannot exceed the future expected tax losses. As a result, the market value of the

bond Mz (0) is bounded above by M(0):

Mg (0) = Z[P(O, £) = P(=Bg(t — 1),8)] X Ty < Z P(0, 1) x T, = M(0)
t=1 t=1

The cost of tax asymmetry is given by the difference in the market value of the two bonds:

47 Like in the carryforward case, the firm is endowed with a portfolio of forward-start options with a maturity of one year.
The forward start option is activated at time t — 1 when the firm makes a taxable profit and exercises the call option. The
activation grants the firm a put spread composed of a short put whose strike price is equal to the negative of the book value
of the tax asset on the activation date.

23



M(0) — Mg(0) = Z P(=By(t —1),6) X T,
t=1

The cost is a portfolio of put options which increases in value with earnings’ volatility. Tax asymmetry still
discriminates firms with volatile earnings and discourages risk taking. The annual cost varies over time as a
function of Bg(t — 1) and is zero unless P(—Bg(t — 1), t) is exercised.*® The cost arises from the inability of the
firm to recover an amount higher than its (past) taxable profits. Refundability risk and time value of money explain
the difference between the market values of the two bonds. The ratio Mz(0)/M(0) measures the efficiency of

the carryback provision at decreasing the cost of tax asymmetry.
4.4 Book Value Versus the Market Value: Implications for Tax Exhaustion and Transition Probabilities

Suppose the firm is granted at time t — 1 a tax asset with a market value equal to Mz(t — 1,t). Like in the
carryforward case, the contract value depends on two offsetting effects, i.e., a cash-flow effect and a likelihood
effect that offset one another. The market value of the tax asset Mgz(t — 1,t) increases with the book value
Bg(t — 1).*° This positive cash-flow effect is offset by an adverse likelihood effect. The probability that the put
spread will be exercised at time t decreases with an increase in the book value of the tax asset. As taxable profits
increase over time, the book value Bz (t — 1) increases, the strike price —Bg(t — 1) decreases, and earnings must
be increasingly more negative for the put spread to expire in-the-money at time t and for the carryback reserve
to be fully depleted. Refundability risk decreases the marginal value of an additional dollar of taxable profit and
decreases the present value of the future expected tax refunds to be received by the firm. Figure 2.4 illustrates
the concavity of the relationship between Mg(t — 1,t) and Bg(t — 1) for different estimates of earfnings’

volatility.

Consider the implications for transition probabilities. Taxable firms at time t — 1 become non-taxable at time t
when E(t) < —Bg(t — 1). This is unlike non-taxable firms at time t — 1 which remain non-taxable at time t when
E(t) < 0. As a result, taxable firms endowed with the carryback reserve Bgz(t — 1) have a lower probability of
becoming non-taxable in the future than non-taxable firms. In addition, an increase in Bz (t — 1) moves the strike

price of the put option to the left and decreases the likelihood that taxable firms will become non-taxable in the

48 Assume the firm incurs a tax loss of $100 at time t. Absent the carryback provision, the cost of tax asymmetry at time t is
equal to $100 X T,. Suppose the tax system allows the firm to carryback losses and the firm’s carryback reserve is $150 at
time t — 1. The firm receives a tax refund equal to $100 X T, which fully offsets the cost of tax asymmetry. Suppose the
firm’s carryback reserve is $60 at time t — 1. In this case, the cost of tax asymmetry is $40 X T.

4 The strike price of the short put option is the negative of the book value of the tax asset. An increase in the strike price
decreases the put’s value and increases the value of the put spread.
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future.® This suggests that the duration of taxable spells varies over time as a function of Bg(t — 1), and increases

(decreases) in expansions (recessions), respectively.

The probability that a taxable firm at time t — 1 becomes non-taxable at time t is given by the probability that the
put option P(—Bg(t — 1),t) will be exercised at time t. Under the assumption of a risk-neutral ABM, the

probability, denoted by pg(t — 1,t), is given by:

E(t—1)+ PV X Bg(t — 1))
v

pg(t—1,t) =N(—dg) =1—-N(dg) =1 —N(
The put spread is out-of-the-money when dj is positive. An increase in o decreases the scaled distance dg and
increases the probability that the firm will move from a taxable state at time t — 1 to a non-taxable state at time
t.>! Figures 2.5 illustrates the sensitivity of pg (t — 1, t) to the different parameters.>® Regarding estimation issues,
the (spot) conditional probability pg(0,1) has an analytical solution. The (forward) conditional probability
pg(t — 1,t) can be estimated by simulation like in the carryforward case. Tax status persistence can be estimated

from the spot and the forward conditional transition probabilities.
4.5 Earnings’ Volatility: Implications for Risk-Shifting and Incentives

The carryback provision grants the firm a risky bond subject to the firm’s earnings risk. The floating-rate coupon
received by the firm equal to Mg(t — 1,t) X T and capped at Bg(t — 1) X T, is positive when earnings are
negative and is equal to 0 otherwise. The firm has incentives to manage the value of its tax asset especially when
the difference between the market and the book value is large, i.e., when the put spread is out-of-the-money.
There are multiple strategies that a firm can pursue to increase the market value of its tax asset. The loss-shifting
hypothesis argues that firms have incentives to accelerate losses to obtain cash refunds. The hypothesis is backed
by empirical evidence suggesting that firms which are financially constrained and in a tax loss position benefit the
most from accelerating losses.>® A second strategy is for the firm to increase its financial leverage (or to use

complex derivatives such as a step-down swap). Profitable firms with a conservative financial policy and a sub-

50 As documented in the literature, taxable firms are more likely to remain taxable in the future. See Altshuler and Auerbach
(1990) and Graham (1996b).

51 The strike price Bg(t — 1) is a put option. As a result, an increase in o which increases By (t — 1) decreases pg(t — 1,t).
This effect is irrelevant at time t — 1 when By (t — 1) is known with certainty.

52 Volatility affects the probability through a second channel. The strike price Br(t — 1) is a put option. As a result, an increase
in v which increases Br(t — 1) increases pg(t — 1,t). This effect is irrelevant at time t — 1 when Bg(t — 1) is known with
certainty.

53 See Scholes et al. (1992) and Maydew (1997) for methods of shifting revenues and expenses between years to increase a
NOL carryback. They include delaying recognition of year-end sales, accelerating recognition of discretionary expenses, and
timing nonrecurring transactions such as the sale of operating assets that have declined in value.
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optimal capital structure are likely to hold tax assets with a high book value but a low market value. These firms
have incentives to increase their interest expenses by levering-up. The decrease in the firm’s taxable income will

decrease the carryback reserve, decrease refundability risk and increase the market value of the tax asset.

A third strategy is risk-shifting. Like for call spreads, the impact of volatility on the market value of put spreads is
ambiguous (see Figure 2.2 for an illustration). It is positive (negative) when the put spread is out- (in-) of-the-
money, respectively. Consider the implications for a firm that makes a taxable profit at time t — 1. The firm
exercises the call option, increases its carryback reserve, and is granted an out-of-the money put spread maturing
attime t. The difference between the book and the market value of the tax asset is high. By increasing earning’s
volatility, the firm decreases refundability risk and increases the market value of its tax asset. This incentivizes the
firm to invest in risky projects, to decrease its cash holdings, and to scale back financial and operational hedges.
Conversely, the firm has incentives to invest in low-risk project, to increase its cash holdings and to scale up

financial and operational hedges when the market value of its tax asset is close to its book value.
4.6 The Firm’s Expected Tax Liability

Assume the firm makes a taxable profit and exercises the call option at time t — 1. The granting of a tax asset
worth Mg (t — 1,t) decreases the firm’s expected tax liability at time t from T, (t — 1, t) without the tax asset to
TB (t - 1, t).

Tg(t—1,t) = [T,(t —1,t) —Mg(t —1,t) X Te] = [E(t — 1) + P(—Bg(t — 1),t)] X T,

with Tg(t — 1,t) < T,(t — 1,t). The firm’s tax liability at time t is equal to E(t) X T, when the put expires
worthless and is equal to —Bg (t — 1) X T otherwise. The carryback provision leaves the option-like structure of
the firm’s expected tax liability intact and displaces the kink of the tax function from 0 in the no carryback case
to —Bg(t — 1) in the carryback case. Earning’s volatility increases the firm’s expected tax liability (but decreases
its convexity). The tax function becomes linear with a slope equal to T, in two hypothetical cases, either when
Bg(t — 1), or when g, goes to infinity. Under the assumption of a risk-neutral ABM, the firm’s expected tax

liability is given by:

Te(t —1,t) = [E(t — 1) X N(dg) — PV X Bg(t — 1) X N(=dp) + v x n(—dg)] X T,

Figures 2.6 illustrates the sensitivity of Tz (t — 1,t) to the various parameters. Finally, the expected cost of tax

asymmetry is given by the difference between T (t — 1, t) and the tax function obtained in the tax symmetry case

T, (t):
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Tg(t—1,t) = To(t—1) = P(—Bg(t — 1),t) X T¢

The expected cost of tax asymmetry in the no carryback case obtains as a special case by setting Bg(t — 1) equal
to 0 in the formula above. This shows that the carryback provision decreases the expected cost of tax asymmetry
by an amount equal to Mz(t — 1, t). The expected cost increases with a decrease in the book value of the tax

asset and with earnings’ volatility.

4.7 The Firm’s Expected Marginal Tax Rate

Assume the carryback reserve Bg(0) is positive at time 0. The firm is currently taxable and the NOL dummy is
equal to the statutory tax rate T;. As a one-period estimate, the NOL proxy over-estimates the firm’s marginal
tax rate by ignoring the likelihood that the firm may receive tax refunds in the future. The statutory tax rate T,
provides an upper bound on the marginal tax rate. At the other end of the spectrum, a lower bound is obtained
by assuming that the firm will be non-taxable with certainty at time 1. In this case, the $1.0 increase in Bg(0)
associated with the $1.0 increase in E(0) increases the tax refund by $1.0 X T, at time 1. The tax refund worth
$PV X T, at time O decreases the firm’s marginal tax rate from T, to (1 — PV) X T.. However, this proxy under-
estimates the marginal tax rate by failing to account for earnings’ uncertainty. The firm’s true but unobservable

marginal tax rate is in-between the lower and the upper bound given by (1 — PV) X T and T, respectively.

The derivatives framework can be used to capture earnings’ uncertainty. Define by t, the time when the firm
switches from a taxable to a non-taxable status. As discussed in Section 4.4, this happens when the firm exercises
the put option P(—Bg(t — 1), t), which requires E (t) to be lower than —Bg(t — 1) at time t. Consider the impact
of a $1.0 increase in E(0), and the resulting $1.0 increase in Bz(0), on the firm’s tax liability at time t. The
$1.0 increase in Bz (0) at time 0 implies that the non-taxable firm will receive an incremental $(1 X T;) worth of
tax refund at time t. Appendix A.4 shows that the marginal tax rate of a firm that switches from a taxable to a

non-taxable status at time t, denoted by MTR(0, t), is given by:

MTR3(0,t) = XTc

=t
1- PV x (1_[ N(dp(z - 2))) X N(—dp(t — 1))
=1

with N(dB (—1)) set equal to 1.0. In the formula above, the product term captures the probability that the firm

remains taxable from time 0 until time t — 1, while the final term captures the probability that the firm switches

27



from a taxable status at time t — 1 to a non-taxable status at time t.>* Given the uncertainty about time ¢, a
simulation approach is used to estimate the marginal tax rate as in the carryforward case. It is denoted by

MTRg(0) and is given by:

S
1
MTR5(0) = 5 X z MTR(0, t,)

s=1

where § is the total number of simulated earnings-paths and where t, denotes the time when the firm becomes
non-taxable for the first time on sample-path s, i.e., when the put option P(—Bg(t — 1,s),t) is exercised,

where —Bg(t — 1, s) denotes the carryback reserve on sample path s.
5.0 The Unconstrained Joint Carryforward and Carryback Provisions

The previous sections analyzed the carryforward and the carryback provisions as standalone provisions. They are
not mutually exclusive. Tax systems may allow firms to carryback and to carryforward losses. This section
discusses intertemporal and substitution effects between the two tax provisions under the assumption that both

provisions are unconstrained.
5.1 Intertemporal and Substitution Effects

The joint provision does not generate incremental tax cash-flows relative to either one of the two standalone
provisions. Rather, it generates intertemporal and substitution effects that smooth the tax cash-flows received by
the firm. Appendix A.13 shows that the joint tax provision provides two benefits. The first benefit is to decrease
refundability risk by allowing the firm to monetize a risky asset, either a call spread or a put spread, for a portfolio
composed of cash (in whole or in part) and a less risk asset (if any). The cash component is the immediate tax
credit or tax refund received by the firm when it makes a taxable profit or a tax loss, respectively.>® The asset
component is a call spread or a put spread with a lower strike price (than in the standalone case). This increases
the likelihood that the firm will exercise the derivative contract in the future and decreases refundability risk. A

second benefit is to move forward in time the tax credit and tax refund received by the firm and to increase their

54 Assume for example that tax losses can be carried back for one year only. In this case, MTR(0,1) has an analytical solution
given by [1 — PV] X T, < MTR5(0,1) = [1 — PV X N(—d(0))] X T¢ < T¢.

55 Consider a firm that incurs a tax loss. Under the standalone carryforward provision, the firm exercises the put and is granted
a call spread. Under the joint provision, the firm gets a tax refund (conditional on the carryback reserve being positive),
exercises the put and is granted a call spread when the tax loss exceeds the carryforward reserve. De facto, the firm swaps a
risky asset for a package of cash and a less risky asset. A symmetric argument holds when the firm makes a taxable profit
instead of a tax loss.
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present values. The two effects (risk and time value) increase the market value of the tax asset relative to its

standalone value.*®

5.2 Book and Market Value of the Tax Assets, Expected Tax liabilities and Marginal Tax Rates

The valuation principles remain unchanged once the carryforward and carryback reserved have been purged from
interaction and substitution effects. The derivation assumes that only one of the two reserves is positive at any
point in time and ignores the option value granted to the firm to exercise the carryback or the carryforward option

when experiencing a tax loss.>’

5.2.1 Book Value of the Tax Asset

The intertemporal and substitutions effects between the two tax provisions decrease the original book
values Br(t — 1) and Bg(t — 1) obtained under the standalone provisions. The adjusted book values, denoted
by Br(t — 1) and Bg(t — 1), are derived in Appendix A.1.3. Under the joint provision, the book value of the tax

assets at time t — 1 remains path-dependent options (with lower strike prices) given by:

Bp(t—1)=P(Br(t—2),t—1) < Bg(t—1)

Bi(t—1)=C(=B;(t—2),t —1) < Bz(t — 1)
The pair Bi(t — 1), Bg(t — 1) differs by the amount of the tax refund received by the firm when incurring a tax
loss (see numerical example 3.1 in Appendix A.1.3). Likewise, the pair B;(t — 1), Bg(t — 1) differs by an amount

equal to the tax credit received by the firm when making a taxable profit (see numerical example 3.2 in Appendix

A.1.3).

56 The economic effects of carrybacks on firms’ investment and financing policy have been investigated in the literature. See
Boynton and Cooper (2003), Graham and Kim (2009) and Dobridge (2016) for example. However, interaction and substitution
effects and their impact on the market value of tax assets have not been discussed. An increase in the length of the carryback
period increases the current and expected carryback reserve and decreases the marginal benefit of an additional $1.0 of tax
refund. Coincidently, it decreases the carryforward reserve and increases the marginal benefit of an additional $1.0 dollar of
tax credit.

57 A positive carryback reserve requires the firm to have exhausted its carryforward reserve and to have paid taxes,
i.e., By(t —1) > 0if B;(t — 1) = 0. Likewise, a positive carryforward requires the firm to have exhausted its carryback
reserve and to have incurred (or to incur) tax losses, i.e., Bi(t — 1) > 0if B5(t — 1) = 0. However, both reserves could be
positive at the same time because of i. caps imposed on carryforwards or carrybacks, ii. expected changes in the statutory
tax rate, iii. the complexity of the tax code. For example, a non-taxable firm that expects an increase in the statutory tax rate
may have incentives to increase its carryforward reserve rather than claim a tax refund.
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5.2.2 Market Value of the Tax Asset

Conditional on the put option or the call option being exercised at time t — 1, the firm is granted either a one-
year call spread when Br(t—1) >0, or a one-year put spread when Bg(t —1) > 0. It is denoted by
Mgpg(t — 1,t) and is given by:

Mp(t—1,t) =[C(0,t) —C(Bp(t—1),t)] IFBr(t—1) >0
M;'B(t - 1't) = {

Mg(t —1,t) =[P(0,t) — P(—Bg(t —1),t)]IF Bg(t—1) >0

which for comparative purposes can be expressed as put spreads only, with:

Mp(t—1,0) = [P(0,t) — P(Bi(t — 1),0) + PV x Bi(t — 1)] IFBi(t—1) > 0

M;'B(t - 1't) = {
Mg(t —1,t) =[P(0,t) — P(—Bs(t —1),t)] IF Bg(t —1) >0

The joint provision endows the firm with a perpetual bond paying an annual floating-rate coupon equal to

Mrg(t — 1,t) times the statutory tax rate:

M35(0) = ZM;;B(t 1L XT < Z P(0, 1) x T, = M(0)
t=1 t=1

with Mpg(0) > Mr(0) and Mpg(0) > Mg (0). Relative to the standalone provision case, the intertemporal
smoothing increases the frequency of positive coupon payments and decreases their variability. The coupons are

positive except in the two unlikely cases when the firm always makes taxable profits or tax losses.
5.2.3 Transition Probabilities

The transition probabilities are higher than those obtained under either one of the two standalone provisions

because of the decrease in the options’ strike prices. They are given by:

E(t—1)— PV XBp(t—1)
%

f p;i(t—l,t)=N[( >] IFBi(t—1)>0

et —1,t) =
Prs E(t—1)+ PV xBj(t—1)

v

pE(t—l,t)=N[—< >] IFBy(t—1)>0

The decrease in B (t — 1), relative to Bg(t — 1), implies that the non-taxable firm at time t — 1 is more likely to
become taxable at time t. Likewise, the decrease in Bg(t — 1), relative to Bg(t — 1), implies that the taxable firm

at time t — 1 is more likely to become non-taxable at time t.

5.2.4 The Firm’s Expected Tax Liability
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Except for the lower carryforward or carryback reserve, the firm’s expected tax liability at time t, denoted
by Trg(t — 1,t), remain unchanged to:

Tpr(t—1,t) =C(Bp(t —1),t) X Tc IFBp(t—1) >0

Trg(t—1,t) =

Tg(t—1,t) =[E(t —1) + P(—Bg(t — 1),t)] X T IF Bg(t—1) >0
The kink in the tax function moves to the right to B (t — 1) when the carryforward reserve is positive and to the
left to —Bp when the carryback is non-zero. Tax functions remain positively convex. The only difference are the
two kinks of the tax functions which bracket 0 more closely than in the standalone case. These results question
the merits of approximating tax functions by piecewise linear functions, where losses are taxed at a lower rate
and profits at a higher rate. The linear approximation fails to capture the convexity of the tax function and fails to

identify By (t — 1) and —Bj(t — 1) as the relevant (time-varying) convexity thresholds.>®
5.2.5 The Firm’s Marginal Tax Rates

The joint tax provision makes it more difficult to express the marginal tax rates as a function of conditional
transition probabilities. Assume for example that B;(0) > 0, and assume that the firm is taxable at time 1 and
non-taxable at time 2 with certainty. A $1.0 increase in earnings at time 0, decreases the carryforward reserve by
$1.0 and increases the tax liability by $1.0 at time 1. Without the carryback reserve, the firm’s marginal tax rate
is equal to PV (1) X T as discussed in Section 3.7. Under the joint tax provision, the $1.0 increase in taxable
profits at time 1 increases the carryback reserve by $1.0 and the(before-tax) tax refund by $1.0 at time 2. Under
the joint tax provision, the marginal tax rate is equal to (PV(l) — PV(Z)) X Tc. This suggests that the marginal
tax rate derived in Section 3.7 under the standalone carryforward provision over-estimates the marginal tax rate
that would be obtained under the joint provisions. Conversely, the marginal tax rate derived in Section 4.7 under
the standalone carryback provision under-estimates the marginal tax rate that would prevail under the joint

provisions.
6.0 Empirical Implications
The derivatives framework has important implications for empirical research that involves tax assets.

6.1 Estimation of Conditional Versus Unconditional Transition Probabilities

58 See for example Sarkar (2008) and Langenmayr and Lester (2018). Their simple scheme assumes a linear tax function equal
to 8 X T, where 0 is a pre-determined fixed parameter equal to 1.0 when earnings are positive and less than 1.0 when
earnings are negative.
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Various estimation techniques have been suggested in the literature to estimate the transition probability that a
firm will move from a taxable status to a non-taxable status in the future (or vice-versa). Using a first-order and a
second-order Markov process, Auerbach and Poterba (1987) document a high level of tax status persistence.> As
acknowledged by the authors, a limitation of their statistical approach is to assume that a firm's current tax status
contains all the relevant information about its transition prospects, i.e., all firms have identical transition
probabilities and the probabilities do not vary over the sample period. Under these assumptions, the firm's tax
status is assumed to be fully described by its current and previous years' states.®® These assumptions do not hold
in practice. The transition probabilities depend on the distance between earnings and the present value of the
carryforward or carryback reserve scaled by earnings’ volatility. In addition, the transition matrix approach only
captures the effect of tax laws during the sample period used to estimate the probabilities. Transition probabilities

are outdated when tax laws change.5!

The derivatives framework provides a valuable alternative to statistical and econometric models used in the
literature. The framework does not impose firms to have identical transition probabilities over time and across
firms and can be used to estimate conditional (rather than unconditional) transition probabilities from historical
data. To see this, assume that the carryforward reserve Bp;(t — 1) and the carryback reserve Bg ;(t — 1) are
observable for a panel dataset of firms composed of N firms over a (past) sample period composed of T years
withi=1,..,NandT =1,...,T. Denote by E;(t — 1) the earnings of firm i at time t — 1 assumed to follow a
risk-neutral ABM with drift R and volatility o;, assumed constant over time without loss of generality. Suppose
that the goal is to estimate the conditional probability that firms will switch from either a non-taxable status at
time t — 1 to ataxable status at time t when endowed with the carryforward reserve B (t — 1), or from a taxable
status at time t — 1 to a non-taxable status at time t for firms endowed with carryback reserve Bz (t — 1). Denote

by dr;(t — 1) and dp;(t — 1) firm’s i scaled distance:

%9 They find that it is very unlikely for a firm without a tax loss carryforward to incur one and for a firm with a tax loss
carryforward to become taxable again. The probability that a firm with two previous years of loss carryforward would remain
in the loss carryforward state is 0.92 while the probability of remaining carryforward-free after two years of being currently
taxable is 0.97.

80 Some of these limitations have been addressed in the literature. Probit models and Poisson regressions have been
suggested as an alternative to Markov processes. Using a Poisson regression, Gendron, Anderson and Mintz (2003) regress
tax exhaustion on a set of explanatory variables and find that the relationship between a proxy for carryforwards, and debt
financing (among other variables) is positive and statistically significant. Further, they find that the restriction that transition
probabilities are independent is strongly rejected by the data. A tax-exhausted firm at timest — 1, t, and t + 1 does not have
independent probabilities of being tax-exhausted in each of those 3 separate years.

61 See discussion in Shevlin (1990).
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E;(t —1) — PV X Bp;(t — 1)

dr;(t—1) = - if Bp;(t—1)>0
i
E(t—1)+PV X Bp,(t—1
dpi(t—1) = — (-1 ~ pit—1) if By;(t—1) >0
i

The issue is to convert the scaled distance into a probability. A “frequentist” approach can be used as a substitute
to the parametric approach based on the Normal distribution. The first step entails calculating the pair
[dF,i(t —1),dg;(t — 1)] for the N X T firms-years in the sample. The second step entails ranking in ascending
order and partitioning all the pairs obtained in step 1 into a prespecified number of groups (ranks), denoted by gp
and gg, respectively, with gr = 1, ...,Gr and gg = 1, ..., G where Gp and Gg are the total number of groups.
The third step entails calculating for all the firms within a group the proportion of firms that (actually) switched
from a non-taxable status at time t — 1 to a taxable status at time t when By ;(t — 1) > 0 (or vice versa when
Bpi(t—1) > 0). Denote by f(gr) and f(gp) with 0 < f(gr) < 1.0 and 0 < f(gp) < 1.0 the empirical
frequencies.® The fourth step entails fitting an “empirical” transition probability function by plotting f(gr) onto
gr and f(gg) onto gg, respectively. The “frequentist” approach should generate a conditional transition
probability function, denoted by pr(t — 1,t), that increases from 0 to 1.0 as dp(t — 1) increases from negative
to positive values for firms endowed with a positive carryforward reserve at time t — 1 (as in Figure 1.5).
Conversely, the conditional transition probability function pg(t — 1,t) should be decreasing from 1.0 to O as
dg(t — 1) increases from negative to positive values for firms endowed with a carryback reserve at time t — 1 (as

in Figure 2.5).

The benefits of the frequentist approach are four-fold. First, it generates firm-specific estimates of transition
probabilities rather than average estimates. Second, it generates conditional transition probabilities rather than
unconditional probabilities by mapping firm’s i scaled distance dp;(t — 1) or dp;(t — 1) (or their ranks) into
pr.(t —1,t) orpg,(t — 1,t), respectively. Third, the approach allows conditional transition probability functions
to be estimated from the pooled sample across firms/years or across firms only. The benefit of the latter approach
is to allow the probability function to vary over time and to capture the impact of changes in the tax code on
transition probabilities. Fourth, the approach can be used to gauge the validity of the distributional assumption
regarding earnings. This can be done by comparing the empirical distribution functions to their analytical
counterparts, i.e., by comparing pr(t — 1,t) to pp(t —1,t) = N(dg) and pg(t—1,t) to pg(t—1,t) =
N(—dp).

62 This frequentist approach is analogous to KMV EDFs calculations from the distance-to-default DDs.
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Regression techniques can also be used to estimate the average conditional transition probability for any cross-
section of firms in any given year. Assume for example that firm i holds the positive carryforward
reserve Bp ;(t — 1). Its expected tax liability at time t is given by a call option on earnings with a strike price equal
to B ; (t — 1) times the statutory tax rate. As discussed in Section 3.6, under the assumption that earnings follow

an ABM and, the firm’s expected tax liability is given by:

Tei(t —1,t) = C(Bpi(t — 1),t) X T = [Ei(t = 1) X N(df) — PV X B (t — 1) X N(dg;) + v; X n(dp;)| X T¢

with N(dF,i) = pr,i(t — 1,t). Under the assumption that taxes at time t are equal to their expected values plus
arandom noise, the average transition probability (across firms) at time t — 1 can be estimated by running a cross-
sectional regression of taxes paid at time t as the dependent variable onto a set of explanatory variables formed

of earnings at time t — 1, the carryforward reserve at time t — 1 and an estimate of earnings’ volatility:

Tri(t) =ag+ay XE;(t—1)+a, X Bg;(t —1) +az X v; + &(t)

Under the null hypothesis, the slope coefficient a, is an estimate of the average conditional transition probability
attime t — 1 for the sample of firms under consideration.®® The cross-sectional regression can be performed year
by year and for any cross-section of firms sorted as a function of industry or any other firm’s characteristics (i.e.,

size....).

6.2 Estimation of the Tax Benefits of Carryforwards and Carrybacks

Empirical work that investigates the benefits of tax assets typically use the book value as a proxy for the market
value, i.e., Bp(t — 1) for Mp(t — 1,t), and Bg(t — 1) for Mgz(t — 1,t). Failure to adjust for the riskiness of tax

assets generates upward biased estimates of tax benefits.

Suppose for example that the goal of an empirical investigation is to estimate the tax benefits of carryforwards
and their ability at predicting taxes using a cross-section of firms for which Bx(t — 1) > 0. Assume that after
proper scaling of the dependent and independent variables, the null hypothesis is tested by running a cross-

sectional regression of taxes paid at time t onto Br(t — 1) observed at time t — 1 as the explanatory variable:

8 Under the null hypothesis, the slope coefficient a, is an estimate of PV X N(d) X T,. Scaling a, by a; provides an estimate
of the PV factor, i.e., the average drift term.
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TF,i(t) - ao + a1 X El(t) + az X BF,i(t - 1) + gi(t)

where under the null hypothesis, the regression parameter a,; provides an estimate of the statutory tax rate T
and a, provides an estimate of the average tax benefits at time t per $1.0 of carryforwards available at time t —

1, with a, hypothesized to be negative.

This specification fails to capture refundability risk and the difference between the market value and the book
value of the tax asset. To model earnings’ uncertainty, assume that earnings follow an ABM. As discussed in

Section 3.2, the market value of the tax asset at time t — 1 is given by:

Mp(t—1,t) =[E(t—1) X [N(d) — N(dp)] + PV X Bp(t — 1) X N(dg) + v x [n(d) — n(dp)]]

Replacing the book value B (t — 1) by the market value of the tax asset M (t — 1, t) in the regression equation

yields:

TF,i(t) = bo + b1 X Ei(t) + b2 X Bp'i(t — 1) + b3 X Ei(t — 1) + b4_ X v; + Ei(t)

The comparison of the two specifications shows that the first regression model imposes the constraint b; = b, =
0 onto the second regression equation. The constraint holds only when earnings are high relative to Bg ;(t — 1)
but not in the general case.** The comparison highlights two serious econometric problems with the first
specification. First, the parameter estimate a, is upward biased, i.e., over-estimates the tax benefits of
carryforwards. Under the null hypothesis, b, = —PV X N(dy) X T,. Given that N(dy) is a probability, the slope
coefficient b, captures the present value of the expected tax benefits. The bias is time-dependent and is likely to
be high in recessions when earnings are low and to be low in expansions when earnings are high (which generates
cross-correlated residuals when observations are pooled across years). Second, the regression suffers from an
omitted variable problem by leaving out the uncertainty in the value of the tax asset (captured by b, in the second
specification). Given that earnings’ volatility is correlated with the dependent variable and the explanatory
variable, the omitted variable problem is likely to bias the regression parameters estimates further. Adding lagged
earnings and earnings’ volatility as explanatory variables as done in the second regression equation generates

unbiased estimates of the tax benefits of carryforwards.

84 When earnings are high, the market value of the tax asset is close to the book value. The call spread is in-the-money and
N(d) = N(dg) = 1.0, and n(d) = n(dp), giving, b, = PV X a,, and b; = b, = 0.
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Finally, the sample can be augmented by all the firms having a positive carryback reserve. Under the assumption
that either one of the two reserves is positive at any point in time, the tax benefits of carryforwards and carrybacks

can be assessed by running the following regression:
Tepi(t) =co+cg X Ej(t) +c; X Mp(t —1,t) X I+ c3 X Mp(t —1,t) X (1 = 1) + &(t)
where I is a dummy variable taking a value of 1.0 when By ;(t — 1) > 0 and a value of 0 otherwise.
6.3 Endogeneity Issues and Risk Taking

The theoretical literature argues that tax provisions alleviate the cost of tax asymmetry by allowing firms to shift
part of the investment risk to the government which incentivize firms to increase their overall risk-taking.®®
Empirically, the relevant issue is whether firms consider the tax loss treatment rules when making investment
decisions. The empirical evidence is mixed. Papers that look at non-tax rate elements of the corporate tax system
report only small effects of loss rules on the level of investment (with cash flows having more important effects).
Other papers find tax rates have a positive effect on risk-taking for firms that expect to use losses, and a weak
negative effect for those that do not have such opportunities.®® There is also evidence of an asymmetric response
whereby firms reduce risk taking in response to an increased tax burden but do not significantly increase risk
taking in response to a reduced tax burden.®” The null hypothesis that tax loss rules affect risk-taking is typically
tested by regressing investment-related variables such as the volume of investment or the riskiness of investment,
as the dependent variable onto tax-related variables used as explanatory variables (along with control variables).
Different tax variables are used in the literature. They include statutory tax rates, the book value of tax assets,
dummy variables that indicate whether the carryforward or carryback reserve is equal to 0, or variables that

capture key characteristics of the tax provisions, such as the length of the carryforward or carryback period.

This strand of literature raises two issues. First, from a theoretical standpoint, as discussed in the previous
sections, tax loss rules do not alter the convexity of the tax function. Tax loss rules merely displace the kink of the
tax function away from 0 either to the left by an amount equal to —Bg(t — 1) when the carryback reserve is
positive, or to the right by an amount equal to Br(t — 1) when the carryforward reserve is positive. From an
empirical perspective, the variable of interest is the distance dg, d and dr between earnings and the present

value of strike price, —Bg(t — 1),0, Bp(t — 1) scaled by earnings’ volatility, respectively. When the (absolute

85 See for example Langenmayr and Lester (2018) p. 237.

%6 Langenmayr and Lester (2018) find that loss carryback periods and, to a lesser extent, loss carryforward periods are
positively and significantly related to the level of firm risk-taking. They conclude that to the extent that governments want to
encourage risk-taking, longer tax loss periods, particularly for carrybacks, provide appropriate incentives.

57 See Devereux, Keen, and Schiantarelli (1994), Ljungqvist, Zhang, and Zuo (2017), and Langenmayr and Lester (2018).
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value of the) scaled distance is large, the call or the put option is either deep-in or deep-out-of-the money and the
expected tax function is (quasi) linear irrespective of tax loss rules. In this case, tax policies should not affect firms’
investment decisions. When the scaled distance is small, the tax function is convex, the option is at- or close to
being at-the-money and earnings volatility increases the firms’ tax liabilities which, irrespective of tax loss rules,
disincentivizes firms to invest in risky projects (and incentivizes them to hedge).®® This effect is partly mitigated
by the fact that, (irrespective of tax loss provisions), the convexity of the tax function decreases with an increase
in earning’s volatility, i.e., the adverse effects of convexity decrease with volatility. This suggests that the
empirical tests should be conditioned on the scaled distance between earnings and the (present value) of the

carryforward or carryback reserve and on earnings’ volatility.®®

Second, from an econometric standpoint, the empirical tests suffer from an endogeneity issue. The active
management of tax assets creates an endogeneity problem when investment-related variables, such as
investment volume or risk, are regressed onto a tax-related variable. Consider a firm at time t — 1 endowed either
with the tax asset Mgp(t — 1,t) when Bp(t —1) > 0, or with Mg(t — 1,t) when Bg(t —1) > 0. They are
valuable assets that can be used by firms to get either tax credits or tax refunds at time t. As discussed in Sections
3.5 and 4.5, refundability risk incentivizes firms to use their investment policy at time t — 1 to boost the market
values of their tax assets when they are low relative to their book values, i.e., when the call spread or the put
spread is out-of-the-money. The active management of tax assets imply that tax-related variables and investment-

related variables are determined simultaneously and endogenously.”

Finally, the difference between the book value and the market value of tax assets shades light on the relationship
between tax incentives and tax asymmetry. Suppose that an econometric model is designed to estimate the
relative responsiveness of an investment ratio (the dependent variable) to a change in an investment tax credit
(the explanatory variable) for taxable and non-taxable firms. Inferences are likely to be sensitive to the definition
of the firm’s tax status. The use of a simple dummy variable that indicates whether a firm is taxable or not, versus
a variable that exploits information contained in the market value of the tax asset is likely to generate different
inferences regarding the relative policy response. The likelihood that a non-taxable firm will become taxable in

the future depends on the difference between the market value and the book value of its tax asset. High cash-

%8 The linearity of the tax function increases as earnings move away from the present value of the strike price. However, the
range of prices over which linearity holds changes over time as a function of Bg(t — 1) and Bp(t — 1).

% |n their Proposition 1, Langenmayr and Lester (2018) argue that “better loss offset increases firm risk taking.” This holds
true when the tax refund is assumed to be a linear function of the loss as per their assumption. However, as discussed in
Section 4, the tax refund Mg (t — 1,t) and the tax liability are convex functions of earnings.

70 Similar endogeneity issues arise when debt-related (rather than investment-related) variables are used as dependent
variables.
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flows increase the market value of the carryforwards relative to its book value and increase the likelihood that the
firm will become taxable in the near term. This may explain the empirical finding that firms are more (less)

).”* The carryforward (carryback)

responsive to investment tax incentives when their cash flows are high (low
reserve is more valuable when earnings are high (low), respectively. This reduces the cost of tax asymmetry and

incentivizes firms to take more risk and to be more responsive to investment tax incentives.
7. Conclusion

The paper suggests an analytical framework to value tax assets as derivative contracts on earnings. Tax assets are
modelled as path-dependent compound options, a put-on-a-call option contract for the carryforward and a call-
on-a-put option contract for the carryback provision. The framework captures earnings’ uncertainty and the
dynamic features of the tax code. It shows that refundability risk creates a wedge between the book value and
the market value of tax assets. The latter depends on two offsetting effects, a positive cash-flow and an adverse
likelihood effect. Refundability risk decreases the marginal value of one additional dollar of tax loss (profit) and

decreases the present value of the future tax credits (refunds) to be received by the firm, respectively.

The carryforward and carryback provisions endow firms with valuable tax assets, raising the issue of their
effectiveness at decreasing the adverse impact of tax asymmetry. Tax assets decrease the cost of tax asymmetry
but leave the convexity of the tax function unchanged. The cost is a long option contract whose value increases
with earnings’ volatility. Tax liabilities increase with earnings volatility incentivizing firms to shun risky projects all
else equal. However, the difference between the market value and the book value of tax assets incentivizes firms
to actively manage their values, using their investment, financing, and hedging policies. Firms have incentives to
invest in risky projects and to scale back hedging to boost the market value of their tax assets when the difference
is large. Conversely, they have incentives to invest in low-risk projects to preserve the market value of tax assets
when the difference is small. In the latter case, the wealth transfer from the government to the shareholders is

offset by possible wealth transfers from the shareholders to the creditors.

The derivatives framework can be used to estimate conditional transition probabilities and marginal tax rates.
Unlike their unconditional counterparts which assume identical, time-invariant and exogeneous probabilities, the
conditional probabilities are firm specific and capture all the information contained in the distance between
earnings and the present value of the book value of the tax asset scaled by earnings’ volatility. Tax exhausted firms
endowed with a carryforward reserve are more likely to be tax exhausted when the scaled distance is large. A

similar result holds for firms endowed with a large carryback reserve. The conditional probabilities have a closed

71 See Edgerton (2010).
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form solution when earnings are assumed to follow a process such as an ABM. Marginal tax rates can be inferred

from the conditional probabilities.

A limitation of the current framework is to exclude the multiple provisions of the tax code that allow firms to
decrease their tax liabilities. A companion paper extends the framework to include non-debt and debt tax shields.
The results are left unchanged except for the options’ higher strike prices. The derivatives framework allows the
tax benefits of debt to be valued in a novel way. It shades new light on intertemporal and substitution effects
between tax assets (carryfowards and carrybacks) and tax shields. These effects are similar to those that arise
between the carryforward and the carryback provision. It shows that substitution effect between the carryback

provision and tax shields decrease the tax benefits of debt all else equal.
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Appendix A.1: Valuation of Tax Assets as Derivative Contracts

A.1.1 The Unconstrained Standalone Carryforward Provision
Denote by L(t) the tax loss experienced by the firm at time t with:
L(t) = MAX[0,—E(8)] = P(0,¢) = [C(0,¢) — E(8)]

where E(t) are earnings before interest, tax, depreciation, and amortization at time t, and C(0,t) and P(0,t)
denote a (European) call and put option with a strike price of 0 and maturity t. Denote by T1, (t) the firm’s taxable
income at time t without the carryforward provision:

TIy(t) = MAX[0,E(t)] = C(0,t)
The Book Value of the Tax Asset (Before Tax)
The dynamics of the carryforward reserve at time t, denoted by Br(t), is given by:
Bp(t) = Bp(t — 1) + L(t) — MAX[0,E(t) — TIz(t)]
where TI(t) denotes the firm’s taxable income at time t with the carryforward provision:
TI:(t) = MAX[0,E(t) — Bg(t — 1)] = C(Bp(t — 1),t)

The carryforward reserve increases with tax losses and decrease with taxable profits. Substituting L(t) and TIx(t)
into Br(t) and re-arranging yields:

Br(t) = P(Br(t —1),1)

where P(Br(t — 1),t) denotes a path-dependent put option with a time-varying strike price equal to Bp(t — 1)
and maturity t. The carryforward reserve, or book value of the tax asset, at time t is a put option on earnings with
a strike price equal to the carryforward reserve at time t — 1.

The Market Value of the Tax Asset (Before Tax)

When the firm suffers a tax loss at time t — 1, the firm exercises the put option and is granted the tax asset
Mg(t — 1,t) maturing at time t. The asset entitles the firm to receive a (before) tax credit at time t equal to the
difference between two non-negative taxable income:

Mp(t —1,t) = [Tly(t) — TIz(t)] = MAX[0,E(t)] — MAX[0,E(t) — Bp(t — 1)]

This is the payoff of a path-dependent call spread on earnings with maturity t, composed of a long call option with
a strike price of 0 and a short call option with a path-dependent time-varying strike price equal to Br(t — 1) . The
call spread is denoted by:

Mp(t —1,t) = [C(0,t) — C(Bp(t — 1),t)]

The market value of the tax asset at time t — 1 is a one-year call spread on earnings with a payoff at time t capped
at the book value of the tax asset at time t — 1.
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Example 1: Consider two consecutive years t — 1 and t, and assume without loss of generality that the firm holds
no carryforward reserve attimet — 2, i.e., Bp(t — 2) = 0.

At time t — 1, there are two possible scenarios for earnings. When E(t — 1) = 0, the firm let the put
option P(Bp(t — 2),t — 1) expire worthless. Both Bx(t — 1) and Mp(t — 1,t) areequalto0. WhenE(t — 1) <
0, the firm exercises the put option P(Bp(t — 2),t — 1) and is granted the call spread My(t — 1, t) maturing at
time t composed of a long call option with a strike price of 0 and a short call option with a strike price equal to
Bp(t—1)=|E(t—1)| > 0.

Attimet, the firm faces two exercise decisions in each of the three possible scenarios for earnings. When E(t) <
0, the firm let the call spread Mp(t — 1,t) expire worthless, exercises the put option P(Bg(t — 1),t) and is
granted the new call spread Mg (t,t + 1) maturing at time t + 1 composed of a short call option having a strike
price equal to Br(t) > Bp(t —1). When 0 < E(t) < Bg(t — 1), the firm exercises Mg(t — 1,t), receives the
partial tax credit E(t) X T, exercises the put option P(Bp(t —1),t) and is granted the new call spread
Mg (t,t + 1) maturing at time t + 1 composed of a short call option having a strike price equal to Bp(t) <
Bgr(t — 1). Finally, when E(t) = Bg(t — 1), the firm exercises Mp(t — 1,t), receives the full tax credit
Br(t) X T and let the put option P(Bg(t — 1), t) expire worthless.

Numerical Example 1: Consider a simple three-period model. Suppose the firm generates a stream of earnings
equalto —$100, —$200 and +$350 at times 1, 2, and 3, respectively. Assume that the initial carryforward reserve
is equal to $0 at time 0. The strike price of the put option maturing at time 1 is equal to $0. At time 1, the firm
suffers a tax loss of $100, exercises the put option and is granted a call spread maturing at time 2. The call spread
is composed of a long call with a strike price equal to $0 and a short call with a strike price equal to the put’s payoff
MAX[0,0 — (—=100)] = $100. At time 2, the firm suffers a tax loss of $200. The firm let the call spread maturing
at time 2 expire worthless, exercises the put option and is granted a new call spread maturing at time 3. The strike
price of the long call is equal to $0 and the strike price of the short call changes by an amount equal to the put’s
payoff MAX[0,100 — (—200)] = $300. At time 3, the firm makes a taxable profit of $350, exercises the call
spread, receives a tax credit of $300 (times the statutory tax rate), and pays corporate taxes on the remaining
$50. The (ex-post) book values of the tax asset are equal to $0, $100 and $300 at times 1, 2 and 3, respectively.
The (ex-post) market values of the tax asset are equal to $0, $0 and $300 at times 1, 2 and 3, respectively. The
ex-ante (time 0) market values of the tax assets are given by the time 0 values of the call spread maturing at time
1, 2 and 3, respectively. Given the uncertainty in earnings, the strike price of the short calls is unknown at time 0.
It is revealed one period before the call option’s final maturity (say time 2) and is given by the (then) put’s payoff
(time 1).
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A.1.2 The Unconstrained Standalone Carryback Provision
The Book Value of the Tax Asset (Before Tax)
The dynamics of the carryback reserve at time t, denoted by By (t), is given by:
Bg(t) = Bg(t — 1) + TI,(t) — MIN[L(t), Bg(t — 1)]

where the MIN|-] operator captures the constraint that the tax refund at time t cannot exceed the carryback
reserve at time t — 1. The carryback reserve increases with taxable profits and decrease with tax losses.
Substituting T, (t) and L(t) into Bg(t), and re-arranging yields:

Bg(t) = C(=Bp(t —1),t)

where C(—Bg(t —1),t) denotes a path-dependent call option with a time-varying strike price equal to
—Bg(t — 1) and maturity t.

The Market Value of the Tax Asset (Before Tax)

When the firm makes a taxable profit at time t — 1, the firm exercises the call option and is granted the tax asset
Mg (t) maturing at time t. The asset entitles the firm to receive a (before) tax refund at time t equal to:

Mg(t — 1,t) = MIN[L(t), Bg(t — 1)] = [MAX[O, —E(t)] — MAX[0, (—By(t — 1)) — E(t) ]]

This is the payoff of a path-dependent put spread on earnings with maturity t, composed of a long put option with
a strike price of 0 and a short put option with a path-dependent time-varying strike price equal to —B g (t — 1). The
put spread is denoted by:

Mg(t —1,t) = [P(0,t) — P(—Bg(t — 1),t)]

The market value of the tax asset at time t — 1 is a one-year put spread on earnings with a payoff at time t capped
at the book value of the tax asset at time t — 1.

Example 2: Consider two consecutive years t — 1 and t, and assume without loss of generality that the carryback
reserve Bg(t —2) = 0.

At time t—1, there two possible scenarios for earnings. When E(t —1) <0, the firm let the call
option C(—Bg(t — 2),t — 1) maturing at time t — 1 with a strike price equalto —Bg(t — 2) = 0 expire worthless.
Both Bg(t — 1) and Mgz(t — 1,t) are equal to 0. When E(t — 1) > 0, the firm exercises the call option
C(—Bg(t —2),t — 1) and is granted the put spread Mz (t — 1,t) maturing at time t composed of a long put
option with a strike price of 0 and a short put option with a strike price equal to the negative of Bg(t — 1) =
E(t—1).

At time t, the firm faces two exercise decisions in each of the three possible scenarios for earnings. When 0 <
E(t), the firm let the put spread Mg (t — 1,t) expire worthless, exercises the call option C(—Bg(t — 1),t), and is
granted the new put spread Mz (t,t + 1) maturing at time t + 1 composed of a short put option having a strike
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price equal to Bg(t) > Bg(t —1). When —Bg(t — 1) < E(t) < 0, the firm exercises the put spread Mz(t —
1,t), receives the partial tax refund E(t) X T, exercises the call option C(—Bg(t — 1),t) and is granted the new
put spread Mz(t,t + 1) maturing at time t + 1 composed of a short put option having a strike price equal to
Bg(t) < Bg(t — 1). Finally, when E(t) < —Bg(t — 1), the firm exercises the put spread Mgz (t — 1,t), receives
the full tax refund Bg(t) X T and let the call option C(—Bg(t — 1), t) expire worthless.

Numerical Example 2: Suppose that the firm generates a stream of earnings equal to +$100, +$200 and —$350
attimes 1, 2, and 3, respectively. Assume that the initial carryback reserve is equal to $0 at time 0. The strike price
of the call option maturing at time 1 is equal to $0. At time 1, the firm pays taxes on its taxable profit of $100,
exercises the call option and is granted a put spread maturing at time 2. The put spread is composed of a long put
with a strike price equal to $0 and a short put with a strike price equal to the negative of the call’s payoff
—MAX[0,100 — 0] = —$100. At time 2, the firm pays taxes on its taxable profit of $200, let the put spread
maturing at time 2 expire worthless, exercises the call option, and is granted a new put spread maturing at time
3. The strike price of the long put is equal to $0 and the strike of the short put changes by an amount equal to
the (negative of the) call’s payoff —-MAX[0,200 — (—100)] = —$300. At time 3, the firm makes a tax loss of $350,
exercises the put spread and receives a tax refund equal to MAX[0,0 — (—350)] — MAX[0,—300 — (—350)] =
$(350 — 50) = $300 (times the statutory tax rate). The (ex-post) book values of the tax asset are equal to $0,
$300 and $300 at times 1, 2 and 3, respectively. The (ex-post) market values of the tax asset are equal to $0, $0
and $300 at times 1, 2 and 3, respectively. The ex-ante (time 0) values of the tax asset are given by the time 0
values of the put spread maturing at time 1, 2 and 3, respectively. Given the uncertainty in earnings, the strike
price of the short puts is unknown at time 0. It is revealed one period before the put option’s final maturity (say
time 2) and is given by the (then) call’s payoff (time 1).
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A.1.3 The Unconstrained Joint Carryforward and Carryback Provisions

The carryforward reserve Bp(t) and carryback reserve Bg(t) must be adjusted for interaction effects. Their
adjusted values, denoted by Bg(t) and Bg(t), are derived under two scenarios for earnings at time t.

Scenario 1: Tax Loss

Suppose the firm experiences the tax loss L(t) = MAX[0,—E(t)] at time t. Under the standalone carryforward
provision, the firm exercises the put option, increases the carryforward reserve from Bz (t — 1) to Bp(t) by the
amount L(t) and is granted the call spread My (t,t + 1). In contrast, under the joint provision, the firm receives
the (before) tax refund MIN[L(t), B5(t — 1)] = L(t) — MAX[0, L(t) — B;(t — 1)], exercises the put option,
increases the carryforward reserve from B (t — 1) to By (t) by the amount L*(t) = MAX[0,L(t) — B;(t — 1)],
and is granted the call spread Mg(t,t + 1). The tax asset Mr(t,t + 1) exhibits less refundability risk than
Mg(t,t + 1), because of the lower strike price Bi(t) < Bp(t). De facto, the firm swaps the risky asset
Mpg(t, t + 1) granted under the standalone carryforward provision for a portfolio composed of cash (the before-
tax refund) and the less risky asset Mg (t, t + 1).

Compared to Bg(t), the dynamics of the carryforward reserve Br(t) remains unchanged except for the
substitution of L*(t) for L(t), with L*(¢t) < L(t):

Bi(t) = Bi(t — 1) + MAX[0,L(t) — B} (t — 1)] — MAX[0, E(t) — TI}(0)]
with TI;(t) = MAX[0,E(t) — Br(t — 1)]. Substituting L(t) and Tz (t) in the formula yields:
Br(t) = [P(Bi(t — 1),t) = [P(0,8) = P(=Bp(t — 1), )] = P(Bi(t — 1),t) — Mz(t — 1,t) < Bs(t)

The carryforward reserve is lowered by the amount equal to the (before) tax refund Mg (t — 1,t). The standalone
carryforward provision obtains as a special case by setting B5(t — 1) = 0, giving B(t) = Bp(t) = P(Bp(t —
1),t). This suggests that the joint tax provision provides three benefits at time t. First, it decreases the risk of the
tax asset granted under the standalone carryforward provision by converting in whole or in part a risky asset, i.e.,
a call spread, into a cash amount equal to the (before) tax refund Mz (t — 1,t). Second, it increases the likelihood
that tax credits will be received in the future by decreasing the carryforward reserve from Br(t) to Bg(t). Third,
it provides a time value of money benefit by moving forward in time the (before) tax cash flow Mg (t — 1, t).

Numerical Example 3.1: Assume that the firm generates earnings equal to —$100 and +$150 at time 1 and at
time 2, respectively. Assume that the carryforward reserve and the carryback reserve are both equal to 0 at time
0. At time 1, the firm incurs a tax loss of $100, exercises its put option and is granted a call spread maturing at
time 2. The call spread is composed of a long call with a strike price of $0 and a short call with a strike price equal
to $100. At time 2, the firm makes a taxable profit. It exercises the call spread and receives a (before) tax credit
equal to MAX[0,150] — MAX[0,150 — 100] = $(150 — 50) = +$100. In addition, the carryback provision
allows the firm to exercise the call option (on the excess profit) and to be granted a put spread maturing at time
3. The put spread is composed of a long put with a strike price of $0 and a short put with a strike price equal to
the negative of the excess profit equal to $50. All in all, at time 2, the firm receives a portfolio composed of cash
$100 (the tax credit) and a risky asset (the put spread). The maximum tax loss faced by the firm if liquidated at
time 3 is equal to $50. Note that at time 2 under the standalone carryback provision, the firm would exercise the
call option and would be granted a put spread maturing at time 3, with a short put having a strike price equal to -
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$150. The firm would receive a portfolio composed of a single risky asset, i.e., the put spread. Tax assets are less
risky and are more valuable under the joint provision than under the standalone provision.

Case 2: Taxable Profit

Suppose that the firm makes the taxable profit T, (t) = MAX|O0, E(t)] at time t. Under the standalone carryback
provision, the firm exercises the call option, increases its carryback reserve from Bg(t — 1) to Bg(t) by the
amount T, (t) and is granted the put spread Mz (t,t + 1). Under the joint provision, the firm receives a (before)
tax credit equal to MIN|[TI,(t), By (t — 1)] =TI, (t) — MAX[0,TI,(t) — Br(t — 1)], exercises the call option,
updates its carryback reserve to B (t) by the amount T, (t) = MAX[0,TI,(t) — Bi(t — 1)], and is granted the
put spread Mg(t,t + 1). The tax asset Mz (t,t + 1) exhibits less refundability risk than Mz (t,t + 1) because of
the lower strike price Bg(t) < Bg(t). De facto, the firm swaps the risky asset Mgz(t,t + 1) granted under the
standalone carryback provision for a portfolio composed of cash (the before-tax credit) and the less risky
asset Mz(t, t + 1).

The dynamics of the carryback reserve Bg(t) remains unchanged compared to Bg(t) except for the substitution
of TI;(t) for Tl,(t) with TI;(t) < Tly(t):

By (t) = By(t — 1) + MAX[0,TI,(t) — Bi:(t — 1)] — MIN[L(t), Bj(t — 1)]
Substituting L(t) and T1,(t) in the above formula yields:
B (t) = [C(=Bz(t — 1),£) = [C(0,£) = C(Bz(t — 1),0)]] = C(=B(t — 1),£) — Mp(t — 1,¢t) < Bp(t)

The carryback reserve is lowered by the amount of the (before) tax credit Mz (t — 1,t). The standalone carryback
provision obtains as a special case by setting Br(t — 1) = 0, giving Bz(t) = Bg(t) = C(—Bg(t — 1),t). This
suggests that joint tax provision provides three benefits at time t. First, it decreases the risk of the tax asset
granted under the standalone carryback provision by converting in whole or in part a risky asset, i.e., a put spread,
into a cash amount equal to the (before) tax credit Mp(t — 1,t). Second, it increases the likelihood that tax
refunds will be received in the future by decreasing the carryback reserve from Bg(t) to Bg(t). Third, it provides
a time value of money benefit by moving forward the (before) tax cash-flow Mz (t — 1,t).

Numerical Example 3.2: Assume that the firm generates a stream of earnings equal to +$100 and —$150 at time
1 and at time 2, respectively. Assume that the carryforward reserve and the carryback reserve are both equal to
0 at time 0. At time 1, the firm pays taxes on its taxable profit of $100, exercises its call option and is granted a
put spread maturing at time 2. The put spread is composed of a long put with a strike price of $0 and a short put
with a strike price equal to —$100 the negative of the call’s payoff. At time 2, the firm suffers a tax loss. It exercises
the put spread and receives a (before) tax refund equal to MAX[0,0 — (—150)] — MAX[0,—100 — (—150)] =
$(150 — 50) = $100. In addition, the carryforward provision allows the firm to exercise the put option (on the
excess tax loss) and to be granted a call spread maturing at time 3. The call spread is composed of a long call with
a strike price of $0 and a short call with a strike price equal to the excess loss of $50. All in all, at time 2, the firm
receives a portfolio composed of cash $100 and a risky asset. Note that at time 2 under the standalone
carryforward provision, the firm would exercise the put option and would be granted a call spread maturing at
time 3, with a short call having a strike price of $150. The firm would receive a portfolio composed of a single risky
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asset, i.e., the call spread. Tax assets are less risky and are more valuable under the joint provision than under
the standalone provision.
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Appendix A.2: Constrained Tax Provisions

Tax loss carryforwards and carrybacks are typically constrained. There are two types of constraints, i.e., caps on
the number of years during which losses can be carried forward or backward and caps on the taxable income.
Their impact on the carryforward provision is discussed below. Similar results obtain for the carryback provision.

A.2.1 The Constrained Standalone Carryforward Provision: The Time Constraint

Tax assets are wasting assets subject to refundability risk. In many cases, tax jurisdictions impose that unused tax
losses be forfeited after a certain number of years which varies in a typical range between five to twenty years.
Define by L(7) the tax loss booked in year T with L(t) = MAX[0,—E(t)] and T < t. Assume that unused tax losses
are forfeited after T years. Define by 7 the number of years during which losses can be carried forward and by
L(t,T), the unused component of the tax loss booked in year (t — 7) forfeited at the start of year t, with 0 <
Lt,7) <L(t—1)"%

The Book Value of the Tax Asset (Before Tax)

The constrained carryforward reserve at time t, denoted by B;{C(t), can be expressed as a put option on earnings
with the following characteristics:”

Bfc(t) = P(Bfo(t—1) = L(t,t —1),t) < Bp(t)

The constrained carryforward reserve By . (t) is lower than its unconstrained counterpart B (t) because of the
forfeited tax losses. The difference in the carryforward reserves increases with a decrease in 7.

The Market Value of the Tax Asset (Before Tax)
The market value of the constrained tax asset at time t, denoted by M - (t), is given by:
Mpc(t—1,6) = [C(0,6) — C(Bic(t—1),t)] = 0

The derivative contract is a call spread identical to the contract obtained in the unconstrained case except for the
lower carryforward reserve. The contract’s payoff is floored at 0 when both options expire worthless and is capped
at B;{C (t — 1), when both options expire in-the-money. The constraint has a positive and a negative effect on the
market value of the tax asset. The constraint decreases the strike price of the short call, increases the likelihood

72 Assume for example that t = 6 and T = 5 years. In this case, L(1) is the tax loss booked in year 1 and L(6,1) denotes the
unused component of the tax loss booked in year 1 and forfeited in year 5 (in whole or in part) after the calculation of the
taxable income in year 5 but before the calculation of the taxable income in year 6, i.e., at the start of year 6. L(6,1) satisfies
the constraint 0 < L(6,1) < L(1). The unused tax loss L(6,1) is equal to L(1) less the sum of all the tax credits Mz () that
L(1) generated between time 7 = 2 and time T = 5 (inclusive).

73 Assume t = 6 and T = 5. The carryforward reserve By -(6) at time t = 6, (at the start of the year) is equal to B +(5) at
time t = 5less L(6,1). More generally, Bz (t) = Bf -(t — 1) — L(t, t — 7). The constrained taxable income at time t is equal
to Tlpc(t) = MAX[O,E(t) - BEC(t)] = C(Bﬁc(t -1 —L(tt—1), 0). The dynamics of the carryforward reserve at time
t is given by BF(t) =Br(t) +L(t) — MAX[0,E(t) — Tl c(t)] = Bf (t — 1) — L(t,t — 7) + L(t) — MAX[0,E(t) —
TIF‘C(t)]. Note that L(t,t — 7) cannot be higher than B -(t — 1).
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that the call will be exercised in the future, and moves the receipt of tax credits forward in time. This positive
effect is offset by a loss of tax cash-flow which decreases the market value of the tax asset.

The Firm’s Expected Tax Liability

The tax asset Mg ¢ (t — 1,t) decreases the firm’s expected tax liability at time t, originally from Ty (t — 1,t) in the
no carryforward case, to T ¢ (t — 1,t) in the constrained carryforward case:

Tec(t—1,8) = C(Bpc(t —1),6) X Te = C(Bp(t — 1),0) X T

with To(t —1,t) < Tp(t — 1,t) < Trc(t — 1,t). The constraint decreases the market value of the tax asset,
increases the firm’s tax liability, and increases the cost of tax asymmetry.

A.2.2 The Constrained Standalone Carryforward Provision: The Income Constraint

Another constraint imposed on the carryforward provision is a cap on the taxable income that can be sheltered
by tax loss carryforwards. Denote the cap rate by y, with 0 < ¥y < 1.0, and assume that the excess (1 — y) is not
forfeited but is carried forward without additional constraints.

The Book Value of the Tax Asset

The constrained taxable income, denoted by TI ¢ (t), is given by:
Tl,c(t) = MAX [0, E() — MIN[y X E(t), By (t — 1]
where Br ¢ (t — 1) is the constrained carryforward reserve, equivalently:

Bpc(t — 1)]
Y

Brc(t—1)
TIpc(t) = (1 —y) Xx MAX[0,E(t)] + v x MAX [O,E(t) - ={1-y)xC(0,t)+y x C(f,t)

The constrained carryforward reserve is a value-weighted average of two taxable incomes weighted by the
parameter y. The unconstrained carryforward case obtains as a special case by setting the parameter y equal to
1.0. The dynamics of the carryforward reserve at time t is given by:

Br () = Bpc(t — 1) + L(¢) — MAX[0,E(t) — Tlp ()]

with Br ¢ (t) = B (t). When the firm’s taxable earnings are positive, Br ¢ (t) decreases by y% in the former case
rather than by 100% in the latter case. As a result, the constrained carryforward reserve is larger than its
unconstrained counterpart.

Substituting L(t) and T ¢ (t) into Br ¢(t) and re-arranging yields:

Brc() = (1—y) X P(0,6) +y X P (M t)
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where P(w,t) denotes a path-dependent put option with a time-varying strike price equal to

Br c(t — 1)/y and maturity t. The carryforward reserve is a value-weighted average of two put options. It is fully
depleted when the put options expire worthless one year later at time t i.e., when E(t) = B, (t — 1). Conversely,
it increases by the full loss amount E (t) when they expire in-the-money, i.e., when earnings are negative. When
earnings are positive but less than B ¢(t — 1)/, the carryforward reserve decreases by y X E(t).

The Market Value of the Tax Asset (Before Tax)

When the firm incurs a tax loss at time t — 1, the firm exercises the put option and is granted the tax asset
Mg c(t — 1,t) maturing at time t. The asset entitles the firm to receive a (before) tax credit at time t equal to the
difference between two non-negative taxable income:

Mpc(t—1,t) = [Tlo(t) - TIF,C(t)] =y X

When expressed as a derivative contract, the market value of the tax asset is given by:
Bro(t—1
c(0,0)—C <¥ t)]

The derivative contract is a (weighted) call spread identical to the contract obtained in the unconstrained case

Mpc(t—1,t) =y X

save for the higher carryforward reserve. The unconstrained tax provision obtains as a special case fory = 1. The
contract’s payoff is floored at 0 when both options expire worthless and is capped at Br ¢(t — 1), when both
options expire in-the-money. In the best-case scenario, the firm recovers its entire carryforward reserve.
However, the increase in the strike price decreases the likelihood that the call spread will be exercised which
increases refundability risk and delays the receipts of tax credits. The constraint generates two adverse effects
which are not compensated by higher incremental tax cash-flows relative to the unconstrained case. The
constraint decreases the market value of the tax asset.

The Firm’s Expected Tax Liability

The tax asset Mg c(t — 1,t) decreases the firm’s expected tax liability at time t, from T, (t — 1,t) without
carryforwards to Tr ¢ (t — 1, t):

Brc(t—1)
Trc(t—1,t) =|(1—-y)xCO,t)+y X C <ft>] X T = C(Bp(t—1),t)

with T,(t —1,t) < Tp(t — 1,t) < Trc(t — 1,t). The constraint decreases the market value of the tax asset,
increases the firm’s tax liability, and increases the cost of tax asymmetry.
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Appendix A.3: Estimation Issues

Tax assets are complex path-dependent derivatives which do not have analytical solutions and must be valued by
simulation. This requires an assumption about the stochastic process followed by earnings and the estimation of
the parameters governing the process. The process must allow earnings to become negative (which precludes a
geometric Brownian motion) and possibly to mean-revert.”* Assume a process has been specified and the
parameters, i.e., the drift and the volatility of the firm’s earnings have been estimated. Assume also that the firm’s
earnings, carryforward reserve and carryback reserve are observable at time 0. They are denoted by E(0), Bz (0)
and By (0), respectively.

The simulation requires the generation of earnings’ sample paths (on an annual frequency) using the earnings
generating process starting from time 0 until the pre-specified time T in the future (in principle infinity). The
market value of tax assets, tax liabilities, the costs of tax asymmetry and the transition probabilities are estimated
from the (T X S) simulated earnings, denoted by E(t,s), withs =1,---S,andt = 1,---,T, where S is the total
number of sample paths.

A.3.1 (Before Tax) Market Value of Tax Assets

The first step entails updating the carryback and the carryforward reserves along each sample path s starting from
Br(0) and Bg(0), and generating their simulated values By (t,s) and Bg(t,s) using:

Bg(t,s) = C(—Bg(t — 1,s),t) = MAX[0,E(t,s) + Bg(t — 1,s)]

The second step entails calculating the simulated market value of the tax asset in year t on sample path s, denoted
by Mgg(t — 1,t,s) using:

Mi(t —1,t,5) = [C(0,t) — C(BL(t — 1,5),8)] IF Bi(t —1,5) > 0

Meg(t —1,t,5) = {
Mg(t —1,t,s) = [P(0,t) — P(—Bg(t —1,s),t)] IF Bg(t —1,5) > 0

On sample path s, the option values at time t are given by their intrinsic values equal to:

M;(t —1,t,5) = [MAX[0,E(t,s)] — MAX[0,E(t,s) — B;(t — 1,5)]] IF Bi(t — 1,5) > 0
Mpg(t —1,t,5) =
M;(t —1,t,5) = [MAX[0,—E(t,s)]] — MAX[0,—Bj(t — 1,5) — E(t,s)] IF Bj(t —1,5) >0

At time t, the firm receives a tax refund (when the put spread is exercised) or a tax credit (when the call spread is
exercised), or zero. The last case happens when the firm’s earnings are always positive or always negative between

7% A popular process used in the finance and accounting literature is the random walk with drift. Graham and Kim (2009)
suggests an alternative AR(1) income to capture mean-reversion in earnings.
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time 0 and time t on sample path s. The market value of the tax asset at time t, denoted by Mpg(t — 1,t), is
estimated as the cross-sectional average of the S-simulated market values Mp5(t — 1,t, s) obtained at time t:

S
_ 1
MFB(t_l,t)=E[MFB(t_1,t)] =§><ZMFB(t_1’t’S)

s=1

The final step entails calculating the (before-tax) market value of the tax asset at time 0 by discounting back
Mpg(t — 1,t) from time t to time O at the risk-free rate :

Mpp(0,t) = PV X [Mpp(t — 1,0)]

The four steps can be repeated for all times t, witht = 1,---, T, to calculate the after-tax market value of the
bond granted to the firm under the carryforward and carryback tax provisions. It is given by:

T
Mpp(0) = ) Mpp(0,6) X T,
t=1

A.3.2 Tax Liability

The (simulated) tax liability at time t on sample path s, denoted by Trg(t — 1,t, s), is calculated as follows:

Ti(t —1,t,5) = C(BL(t — 1,5),¢) X To = MAX[0, E(t,s) — Bi(t — 1,8)] X T, IF Bi(t —1,5) > 0
TFB(t - 1, t,S) =
Tot—1,(t5) = [Et,s) + P(—By(t —1,5), )] X Ty IF Byt —1,5) > 0

The firm’s expected tax liability at time t, denoted by Tpg(t — 1,t), is estimated as the cross-sectional mean of
the S simulated tax liabilities at time t:

S
- 1
Tes(E =10 = ElTes(t = 1,0] =X ) Trp(t = 1,6,9)
s=1

The market value of the tax liability at time 0 is obtained by discounting back Trz(t — 1, t) from time t to time O:

Trp(0,8) = PV X [Trp(t — 1,0)]

A.3.3 Cost of Tax Asymmetry

Without tax provisions, the (gross) cost of tax asymmetry at time t is given by P(0, t) X T.. Along sample path s,
the (before-tax) cost is given by:

P(0,t,s) = MAX[0,—E(t,s)]

The (before-tax) cost of tax asymmetry at time t, denoted by P(0, t), is estimated as the cross-sectional average
of the S-simulated market values P(0, t,s) obtained at time ¢t:

S
1
P(0,0) = E[P(0,0)] =< x ¥ P(0,£,5)
S SZl
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Discounting back P(0, t) from time to time 0 and multiplying by the statutory tax rate gives the present value of
the expected cost of tax asymmetry at time t PV X [P(O, t)| X T¢. Repeating the steps for all times t, with t =
1,---,T, gives the after-tax cost of tax asymmetry as:

T
M(0) = Z PV x [P(0,t)] x T,
t=1

The net cost of tax asymmetry is given by (M(O) — MFB(O)).
A.3.4 Conditional Transition Probabilities

As discussed in Sections 3.4 and 4.4, the (spot) conditional probability to switch from a non-taxable status at time
0 to a taxable status at time 1 for firms endowed with a carryforward reserve (or vice versa for firms endowed
with a carryback reserve) is given by:

E(0) — PV x B:(0
© vx FU)] IF B:(0) >0

E(0) + PV x B (0)
v

pr(0,1) =N [(
Pre(0,1) =

p5(0,1) = N [_( )] IF Bj(0) > 0

The (spot) conditional probability prz(0,1) has an analytical solution at time 0. The (forward) conditional
transition probabilities at time t — 1, with t > 1 can be obtained by simulation. This entails, calculating at time
t — 1, on sample path s, the simulated conditional probability ppg(t — 1, t, s) using:

E(t—1,s) — PV X Bj(t—1,5s)
v

p;(t—l,t,s)=N[< )] IFBi(t—1,s)>0

rp(t—1,t,8) =
Prs E(t—1,5)+ PV x By(t — 1,5)

v

pé(t—l,t.s)=N[—< )] IF By(t—1,5) >0

and calculating prp(t — 1,t) as the arithmetic average of the simulated conditional probabilities p;,,(t — 1,¢,5):

1 Snr(t-1)
T 1= Z pr(t—1,t,5) IFBi(t—1,5) >0
i Syr(t—1) po— F F
pre(t —1,t) = (1)
1
_— x z “(t—1,t,5) IFB5(t—1,5) > 0
Sie-1D" L P 5

where Sy (t — 1) is the number of sample paths where Bji(t —1,s) >0 attimet— 1 and S;(t — 1) is the number of
sample paths for where B5(t —1,s) > 0 attime t — 1, with (SNT(t -1+ S:(t - 1)) =S.
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Appendix A.4: Marginal Tax Rates
A.4.1 The Standalone Carryforward Provision

Consider a non-taxable firm at time 0. A $1.0 increase in earnings at time O results in a $1.0 decrease in the
carryforward reserve Br(0) and a $1.0 tax credit loss at time t when the firm becomes taxable for the first time.

Assume momentarily that the tax provision allows tax losses to be carried forward for one year only. Under this
assumption, the present value at time 0 of the firm’s expected tax loss at time 1 is equal to $[PV X pz(0,1) X T],
where pr(0,1) denotes the probability that the firm moves from a non-taxable status at time O to a taxable status
at time 1 and PV is the one-year discount rate. This happens when the call option C(Br(0), 1) expires in-the-
money at time 1. Under the assumption that earnings follow an ABM, the present value of the expected tax loss
generated by a $1.0 increase in E(0) at time 0, denoted by MTR;(0,1), is equal to:

MTR(0,1) = [PV x N(dr(0))] % T¢

with N(dF(O)) = N[E(O) - PV[BF(O)]]/v. The derivatives-based proxy MTR;(0,1) exploits the information in
the scaled distance between the time 0 earnings and the present value of the carryforward reserve. The marginal

tax rate is bounded below by 0 and above by the present value of T, and increases with an increase in earnings.”

Suppose now that the tax provision allows the firm to carry tax losses forward for 2 years only. The firm’s tax
status can switch from a non-taxable to a taxable status either at time 1 or at time 2. The firm incurs the tax loss
$(1 X T) at time 2 only to the extent that it remained non-taxable at time 1, which happens with probability
(1 — pF(O,l)). The present value at time 0 of the expected tax loss at time 2, denoted by MTR(0,2), is given
by:

MTR:(0,2) = [PV x (1 —pp(0,1)) X pr(1,2)] X Te = [PV X N(=dp(0)) x N(dp(1))] X T¢

with N(dp(l)) = N([E(l) —PV[BF(l)]]/v) and where the PV is the two-year discount rate. The two
conditional probabilities pz(0,1) and pr(1,2) are not independent from one another given the relationship
Br(1) = (Br(0) — E(1)), with pz(0,1) < pp(1,2) when E(1) >0 and ps(0,1) = pr(1,2) when E(1) < 0.
Depending on E(1), MTR;(0,2) could be either higher or lower than MTRg(0,1). The argument can be
generalized to any time t in the future.

75 Ignoring time value of money, it is equal to half of the statutory tax rate when earnings are equal to the present value of
the carryforward reserve.
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A.4.2 The Standalone Carryback Provision

Consider a taxable firm at time 0. A $1.0 increase in earnings at time O results in a $1.0 increase in the carryback
reserve Bg(0) and a $1.0 tax refund at time t when the firm becomes non-taxable for the first time.

Assume momentarily that the tax provision allows tax losses to be carried back for one-year only. Under this
assumption, the present value of the firm’s expected tax refund at time O is equal to $[PV X pg(0,1)] X T, where
pg(0,1) denotes the probability that the firm moves from a taxable status at time O to a non-taxable status at
time 1. This happens when the put option P(—Bg(0),1) X T, expires in-the-money at time 1. Under the
assumption that earnings follow an arithmetic Brownian motion, the present value of the expected tax refund
generated by a $1.0 increase in E(0) at time 0 is given by [PV x N(—dz(0))] x T¢, with N(—dz(0)) =
N[—(E(0) + PV[Bg(0)])/v]. The firm’s marginal tax rate at time 0, denoted by MTRz(0,1), is equal to the
statutory tax T, faced by the firm in the absence of a carryback provision less the present value of the expected
tax refund generated by the carryback provision:

MTR5(0,1) = To — PV x N(—dp(0)) x Tc = [1 = PV x N(—d(0))] x T;

The marginal tax rate is bounded below by (1 — PV) X T, and above by T, and decreases with a decrease in
earnings.’®

Suppose now that the tax provision allows the firm to carry back losses for 2 years only. The firm’s tax status can
switch at either time 1 or time 2. The firm receives the incremental tax refund $(1 X T) at time 2 when it
remained taxable at time 1 which happens with probability (1 - pB(O,l)). The marginal tax rate, denoted by
MTRg(0,2), is obtained by deducting the present value at time 0 of the expected tax refund to be received at
time 2 from the statutory tax rate T, giving:

MTR(0,2) = (1 — PV x (1-p5(0,1) X pB(l,Z)) X Tp = [1 = PV x N(d5(0)) x N(=dg(1)] x T¢

with N(—dg(1)) = N(— (E(1) + PV[B(1)])/v) and where the PV factor is adjusted for the two-year period.
The two conditional probabilities pg(0,1) and pg(1,2) are not independent from one another given the
relationship By (1) = (Bz(0) + E(1)), with p5(0,1) < pz(1,2) when E(1) < 0 and p5(0,1) > pz(1,2) when
E(1) = 0.Thisimplies that MTR(0,2) could be higher or lower than MTR(0,1). The argument can be extended
to any time t in the future.

78 |gnoring time value of money, it is equal to half of the statutory tax rate when earnings are equal to the negative
of the present value of the carryback reserve.
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Figures

The figures below illustrate the valuation principles. They assume a risk-neutral Arithmetic Brownian Motion
(ABM) for illustrative purposes only.

Standalone Unconstrained Carryforward Provision

Figures 1.1-1.4 display the market value of the tax asset Mp(t — 1,t) at time t — 1, valued as a one-year call
spread on earnings expiring at time t. The strike price of the long call is 0 and the strike price of the short call is
the carryforward reserve at Br(t — 1) at time t — 1. It is obtained from:

Mp(t—1,8) = [E(t — 1) X [N(d) — N(dp)] + [PV x Bp(t — 1) x N(dp)] + v x [n(d) — n(dp)]]

where N(-) and n(-), denote the cumulative and the probability density function of the standard normal
distribution, respectively, with dr = [E(t — 1) — PV X Bp(t — 1)]/v,d = E(t — 1) /v, PV = e RF, where Ry is
the continuously compounded risk-free rate and v = g X \/(1 — e 2XRF) /(2 X Rp).

Figure 1.5 displays the conditional transition probability pr(t — 1,t) that a firm moves from a non-taxable state
at time t — 1 to a taxable state at time t for two different estimates of earnings’ volatility, obtained from:

v

pr(t — 1,6) = N(dy) = N(E(t —1) = PV x By(t — 1))

Figure 1.6 displays the firm’s (one-year ahead) expected tax liability Tz (t — 1,t) at time t — 1 for two different
estimates of earnings’ volatility. It is expressed as a one-year call option on earnings with a strike price equal to
the carryforward reserve at time t — 1 (times the statutory tax rate):

Tp(t—1,t) = C(Bp(t — 1),t) X T¢.
Standalone Unconstrained Carryback Provision

Figures 2.1-2.4 displays the market value of the tax asset Mz (t — 1,t), valued at time t — 1 as a one-year put
spread on earnings expiring at time t. The strike price of the long put is 0 and the strike price of the short put is
the negative of the carryback reserve at Bz (t — 1) at time t — 1. It is obtained from:

Mp(t—1,t) = [E(t — 1) X [N(—=dp) — N(=d)] + [PV X Bg(t — 1) X N(=dp)] + v x [n(—d) — n(—dp)]],
withdg = [E(t — 1) + PV X Bg(t — 1)]/v.

Figure 2.5 displays the conditional transition probability pz(t — 1,t) that a firm moves from a taxable state at
time t — 1 to a non-taxable state at time t for two different estimates of earnings’ volatility. It is given by:

pp(t —1,8) = N(—dy) = N(_E(t —1) 4+ PV x Bp(t — 1)>

v

Figure 2.6 displays the (one-year ahead) expected tax liability Tz (t — 1,t) at time t — 1, calculated as a portfolio
composed of a long one-year call option with a strike price equal to the negative of the book value of the tax asset
at time t — 1 less a cash amount equal to Bz (t — 1), times the statutory tax rate:

Tg(t—1,t) =[E(t —1) + P(—Bg(t — 1),t)] X Tc = [C(—Bg(t — 1) — Bg(t — 1), t)] X T.
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Figure 1.1: Carryforward Provision
Market Value of the Tax Asset M(t-1,t) Modelled as a Call Spread on Earnings
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Figure 1.2: Carryforward Provision
Market Value of the Tax Asset M(t-1,t) Modelled as a Call Spread on Earnings
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Figure 1.3: Carryforward Provision

Market Value of the Tax Asset M(t-1,t) Modelled as a Call Spread on Earnings
Sensitivity of M(t-1,t) to Earnings E(t-1) and Risk-Neutral Drift
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Figure 1.4: Carryforward Provision

Market Value of the Tax Asset M(t-1,t) Modelled as a Call Spread on Earnings
Sensitivity of M(t-1,t) to Carryforward Reserve B(t-1) and Earnings' Volatility
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Carryforward Reserve

Figure 1.5
Conditional Transition Probability from Non-Taxable Status at Time t-1 to Taxable Status at Time t
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Figure 1.6: Carryforward Provision
Expected Tax Liability T(t-1,t) Modelled as a Call Spread on Earnings with Tc=30.0%
Sensitivity to Carryforward Reserve B(t-1)and Earnings E(t-1)
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Figure 1.6: Carryforward Provision
Expected Tax Liability T(t-1,t) Modelled as a Call Spread on Earnings with T¢=30.0%
Sensitivity to Carryforward Reserve B(t-1)and Earnings E(t-1)
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Figure 2.1: Carryback Provision

Market Value of the Tax Asset M(t-1,t) Modelled as a Put Spread on Earnings
Sensitivity of M(t-1,t) to Earnings E(t-1) and Carryback Reserve B(t-1)
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Figure 2.2: Carryback Provision

Market Value of the Tax Asset M(t-1,t) Modelled as a Put Spread on Earnings
Sensitivity of M(t-1,t) to Earnings E(t-1) and Earnings Volatility
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Figure 2.3: Carryback Provision

Market Value of Tax Asset M(t-1,t) Modelled as a Put Spread on Earnings
Sensitivity of M(t-1,t) to Earnings E(t-1) and Risk-Neutral Drift
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Figure 2.4: Carryback Provision

Market Value of the Tax Asset M(t-1,t) Modelled as Put Spread on Earnings
Sensitivity of M(t-1,t) to Carryback Reserve B(t-1) and Earnings' Volatility
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Figure 2.5: Carryback Provision
Conditional Transition Probability p(t-1.t) from Taxable Status at Time t-1to Non-Taxable Status at Time t
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Figure 2.5: Carryback Provision
Conditional Transition Probability p(t-1,t) from Taxable Status at Time t-1 to Non-Taxable Status at Time t
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Figure 2.6: Carryback Provision
Expected Tax Liability T(t-1,t) Modelled as a Call Spread on Earnings (minus Tax Refund) with Te=30.0%
Sensitivity of T(t-1,t) to Carryback Reserve B(t-1)and Earnings
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Figure 2.6: Carryback Provision
Expected Tax Liability T(t-1,t) Modelled as a Call Spread on Earnings (minus Tax Refund) with T¢=30.0%
Sensitivity of T(t-1,t) to Carryback Reserve B(t-1)and Earnings
Volatility ($)=50
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